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Analysis of Induction Motor Cascading Stall in a
Simple System Based on the CASCADE Model

Hao Wu, Member IEEE and Ian Dobson, Fellow IEEE

Abstract—It is common for many induction motors to be
connected to a load bus, and voltage can sometimes quickly
collapse when an initial disturbance triggers a cascade of motors
stalling. We analyze a single line power system supplying a bus
with many induction motors. Variation and uncertainty in the
motor load is modeled probabilistically. We describe an analytic
method to estimate the parameters of a model of cascading failure
from system parameters, and hence estimate the probabilities of
the number of motors stalled. The analytic method gives insights
into cascading stall and relates system parameters to the risk of
cascading stall.

Index Terms—induction motor, cascading failure, load model-
ing, voltage stability.

NOMENCLATURE

V Load bus voltage
PL, QL Real and reactive power for total load
GZ , BZ Constant conductance and susceptance of

parallel load
N Number of motors connected to load bus
s Slip of motor
subscript 0 Indicates quantity at initial state, e.g., s0
subscript i Indicates quantity for motor i, e.g., si
Ci Factor converting equivalent admittance for

motor i from motor base to system base
YM , GM , BM Admittance, conductance and susceptance

of all motors
subscript M
for Y

Motor admittance including compensator
at system base

subscript MT
for Y

Motor admittance of T-shaped equivalent
circuit at motor base

superscript n
and s for Y

Admittances of motor at normal state and
stalled state respectively

Mratio Ratio between initial total motor power and
initial total load power

Pratio Ratio of the maximum motor initial power
to the minimum motor initial power

Vcr Critical voltage for motor
Vmin, Vmax Lower and upper limits of distribution of

Vcr
Ns Number of motors stalled at steady-state
Vs Load bus voltage at steady-state
Vpost Load bus voltage after initial disturbance
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YM Expected admittance of all motors
Ns Expected number of motors stalled at steady-state
V s Expected load bus voltage at steady-state
V D Expected voltage drop after initial disturbance
V P Expected voltage drop when an extra motor stalled
d, p Size of initial disturbance and the amount of

propagation in CASCADE model

I. INTRODUCTION

Induction motors are one of the most important dynamic
loads in power systems and have significant impacts on power
system dynamic performance and stability [1], [2], [3], [4], [5],
[6]. Decades of effort have improved the modeling of induction
motor loads [7], [8], [9], [10], [11], [12], so that the power
system can be analyzed more accurately and hence operated
more securely and economically. Although great progress has
been achieved, it remains one of the most demanding research
topics in power system modeling and analysis.

The characteristics of time variation, dispersed location, op-
erational discontinuity, parameter uncertainty, and diversity of
type make load modeling a difficult task. Early works usually
try to use an equivalent load with one induction motor and
a static load component to comprise all these characteristics.
In recent years, researchers have begun to investigate specific
load characteristics in detail; for example, [13] studies the
discontinuous characteristic of motor stalling using bifurcation
theory, [14] studies the statistical characteristic of induction
motor models under parametric uncertainties using Monte
Carlo simulation, [15] studies the effect of location and motor
parameter on system eigenvalues using parametric sensitivity,
[12] addresses the characteristics of type diversity with a load
model representing an air conditioner compressor and its pro-
tection logic. However, modeling several motor characteristics
simultaneously remains a challenge.

Cascading failure of power transmission systems has be-
come a research focus in the last decade [16], [17], [18].
While far from mature, it has already provided some new
perspectives and modeling approaches, some of which can
potentially apply to other forms of cascading failure. Among
them, the CASCADE model is a high-level and generic
probabilistic model for cascading failure [19]. The CASCADE
model provides a simple formula to predict the probability
of number of components failed in terms of parameters that
describe the size of the initial disturbance and the average
amount of propagation of failures.

In [20], we introduce a new probabilistic model of cascading
stall of many induction motors attached to a load bus and
supplied by a simple power system equivalent. Voltage drop
due to induction motor stall is a cascading process in which
motor stall tends to reduce bus voltages and make it more
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Fig. 1. Single load infinite bus system

likely that further motors stall. The quasistatic modeling and
simulation of cascading stall is discussed and justified. In
particular, the variation and uncertainty in a load comprising
the hundreds of induction motors that arises in practice is rep-
resented in [20] by probabilistic parameters for the induction
motors. The outcome of disturbances to the power system
is also probabilistic, and the distribution of the number of
motors stalled is simulated. This approach can reveal the risk
of occasional events in which large numbers of motors stall.
We found that the simulated results of cascading stall could
be fit in many cases by the CASCADE model, suggesting
an intriguing commonality between cascading motor stall and
other cascading processes.

We adopt the same system and modeling assumptions as
[20], but instead of simulating and then fitting the CASCADE
model to merely summarize the simulation results as is done
in [20], in this paper we analyze the system to derive the
CASCADE model parameters from the power system and
induction motor parameters, and hence analytically predict the
distribution of the number of stalled motors. The objectives
are to establish the use of the CASCADE model and its
parameters to describe cascading stall and to understand how
system parameters influence the risk of cascading stall. We
note the value of physics-based analysis of a simple system
that reveals and quantifies basic relationships that can inform
the understanding and engineering of the more complicated
systems encountered in practice.

The paper is organized as follows. Section II reviews the
system modeling and section III reviews the CASCADE
model. Section IV does the analysis, section V presents the
case studies, and section VI concludes the paper.

II. MODELING AND ASSUMPTIONS

This section summarizes the modeling and assumptions
established in [20]; see [20] for details.

A. System modeling

Fig. 1 shows a single load infinite bus system, where the
load comprises N induction motors and a constant impedance
load. E∠0 is the infinite bus voltage, V ∠θ is the load bus
voltage, x is the transmission line reactance, GZ + jBZ = YZ
is the admittance for constant impedance load, and GM +
jBM = YM is the equivalent admittance for N motors.

At any moment of the underlying dynamic process, YM can
be regarded as a constant, and hence V can be obtained by

V =
E

x
√

(GZ +GM )2 + (BZ +BM − 1
x )2

. (1)

The motors use a T-shaped equivalent circuit [21] as shown
in Fig. 2, where s is the motor slip, and r1, x1, r2, x2, rm

r1+jx1 jx2

r2

rm+jxm

s
V

Fig. 2. T-shaped equivalent circuit for the induction motor

and xm are the resistances and inductances for static, rotor and
magnetic windings respectively. The electromagnetic torque is

Te(s, V ) =
r2
s

∣∣∣∣ zm
z1zm + (zm + z1)z2(s)

∣∣∣∣2 V 2

and the mechanical torque is
Tm(s) = k [α+ (1− α)(1− s)p] ,

where z1 = r1 + jx1, z2(s) = r2/s+ jx2, zm = rm + jxm,
k is the load factor, α is the ratio of constant mechanical
torque to total torque, and p is a factor reflecting the impact
of motor rotation speed on the non-constant mechanical torque
component.

B. Assumptions and formulation

For the system, it is assumed that V drops in a quasistatic
and monotonic manner from the initial load bus voltage V0.
For the N motors, it is assumed that 1) they have same
parameters, excluding initial operation conditions; 2) each
motor’s critical voltage Vcr, below which the motor stalls, is
uniformly distributed1 in the interval [Vmin, Vmax]; 3) the ratio
of any two motors’ initial power is not greater than Pratio, and
total initial motor power is allocated to each motor according
to a weight uniformly distributed in [1, Pratio].

Based on the quasistatic assumption, the motors can be de-
scribed by a static torque balance equation Te(s, V ) = Tm(s),
which can be rewritten as

V 2

k
= h(s), (2)

where

h(s) = [α+ (1− α)(1− s)p]
s

r2

∣∣∣∣z1 +

(
1 +

z1
zm

)
z2(s)

∣∣∣∣2 .
Combined with the quasistatic system assumption, the sec-

ond assumption for motors implies that the motor is stable
if and only if its Vcr is less than V , otherwise it is stalled.
The existence of Vcr indicates that h(s) in (2) has a local
minimum in the vicinity of initial slip s0. Denote the s
at which h(s) is minimized as scr. From (2) and the first
assumption for motors, we know that scr and hence V 2

cr/k
are inherent constants of the motors.

The motor initialization procedures are as follows: Given
Vcri for motor i, ki is determined from (2) at the critical point.
Then, given V0, s0i is determined from (2) evaluated at the
initial point. With s0i, the compensator Bci can be obtained,
which ensures that the power factor of the motor and the initial

1Lefèvre [23] discusses generalizations of the CASCADE model that relax
the assumption of a uniform distribution of Vcr .
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load power PL0 + jQL0 are consistent. Finally, the factor Ci

that converts admittance in motor base to the system base can
be calculated. Once ki, Bci, and Ci are initialized, they are
kept constant during the cascading process. Moreover, from the
above procedures, it can be seen that they are all functions of
Vcri and that the distribution of initial motor power determines
Ci.

No matter what the underlying dynamic process is, at steady
state, the motor can be regarded as having only two states:
stalled and normal. From the equivalent circuit, the motor
admittances at stalled and normal states are

Y s
MT =

z2 + zm
z1z2 + z1zm + z2zm

and

Y n
MT (si) =

zm + z2(si)

z1zm + (z1 + zm)z2(si)

respectively. From (2), it can be seen that si is a function of
V and Vcri. Synthesizing all of the above, the admittance of
motor i in system base is

YMi =

{
Y n
Mi(V, Vcri) = Ci(Y

n
MTi + jBci) if Vcri ≤ V ,

Y s
Mi(Vcri) = Ci(Y

s
MTi + jBci) if Vcri > V .

(3)

The admittance of the total motor load is then

YM (V ) =

N∑
i=1

YMi (4)

which is a function of V and the N motors’ Vcri and the initial
powers.

The solution of (1) and (4) gives the post-fault steady state
voltage Vs. Algorithmic details and more explanations about
system modeling and assumptions are omitted here due to
space limitations and are given in [20].

III. CASCADE MODEL

Here we summarize the CASCADE model; for a detailed
explanation see [22] and [19]. CASCADE is an idealized
model of cascading failure that predicts the number of failed
components of N identical components with a simple analytic
formula [19]. The model assumes each component has a
random initial load in the interval [Lmin, Lmax] and fails
when load L exceeds Lfail. After a component fails, a fixed
and positive amount of load P is transferred to each of the
components, which may cause further failures in a cascade.
To start the cascade, an initial disturbing load D is applied to
each component.

Fig. 3 illustrates the CASCADE model, where L1, . . . , LN

are loads for N components respectively, X0 is the number
of components failed after the initial disturbance, and X1 and
X2 are the number of components failed at stage 1 and stage 2
of the cascade respectively.

With the normalizations

d =
D + Lmax − Lfail

Lmax − Lmin
and p =

P

Lmax − Lmin
, (5)

the five parameters of CASCADE model are reduced to two
key parameters d and p. d describes the size of the initial
disturbance, and p describes the amount of propagation of

Lmax
Lmin
Lfail

initial
L1LiLN disturbance stage 1 cascadeD X0P further cascadeX1P

fail X0 componentsL1LiLN
L1LiLN

L1Lifail X1 more components fail X2 more componentscomponent fails when  L>Lfail
stage 2 cascade

Fig. 3. An illustration of the CASCADE model

Vmax
Vmin
V0
motor stalls when  V<Vcr

Vpost X0VPVcriVcrN
Vcr1initial disturbance stage 1 cascade further cascadestage 2 cascade

stall X0 motors stall X1 more motors stall X2 more motors
X1VP

Fig. 4. Conceptual illustration of induction motor cascading stall

failures [19]. There is no cascading for d < 0, and nontrivial
cascades become possible for d ≥ 0. For d ≥ 0, the
probability distribution of the number of failed components
can be expressed in the simple formula

Probability of r total failures =
(
N
r

)
d(rp+ d)r−1(max{1− rp− d, 0})N−r; r < N,

1−
N−1∑
n=0

probability of n total failures; r = N.
(6)

IV. ANALYSIS OF INDUCTION MOTOR CASCADING STALL

A. Outline of the analysis

A conceptual illustration of induction motor cascading stall
is shown in Fig. 4, where Vpost and X0 are the load bus voltage
and the number of motors stalled after initial disturbance
respectively, VP is the voltage drop after each motor stalled,
and X1 and X2 are the number of motors stalled at stages 1
and 2 of the cascading stall process respectively. Comparing
with Fig. 3, we see that the illustrative concept of motor
cascading stall in Fig. 4 shares the same form as CASCADE.
The difference that motors in Fig. 4 have fixed loads and
a dropping failure threshold, whereas components in Fig. 3
have gradually increasing loads and a fixed failure threshold,
is a superficial difference that does not affect the cascading
process. It can be seen that Vmin, Vmax, VP , and Vmax−Vpost
play the same roles as Lmin, Lmax, P , and D+Lmax−Lfail

respectively. Define

VD = Vmax − Vpost,
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which stands for the value of voltage lower than Vmax after
the initial disturbance. We will exploit this correspondence to
estimate the CASCADE parameters d and p that describe the
cascading stall of induction motors, and hence estimate the
probability distribution of the number of stalled motors.

Although the conceptual model of induction motor cascad-
ing stall fits the CASCADE model well, its actual model has
several extra characteristics.

Firstly, Vpost and hence VD are random variables because
the initial states of N motors are random, in contrast to
CASCADE, where D is independent of initial loads of compo-
nents. To cope with this, expected values of Vpost and VD are
used, and are denoted as V post and V D respectively. Similar
treatment applies to VP and its expected value V P .

Secondly, actual induction motor cascading stall is a con-
tinuous process; i.e., voltage dropping and motor stalling are
coupled tightly. It is not likely that the process can be split
into discrete stages as shown in Fig. 4, where we assume
that voltage dropping makes motors stalled in one stage and
motor stalling makes voltage drop in the next stage. The
continuous characteristic implies that V P should be solved
from an implicit equation that takes both voltage dropping and
motor stalling into account simultaneously. Subsection IV-C is
devoted to this topic.

Thirdly, according to the settings of CASCADE model,
V post should be a bus voltage where there are no motors
stalled, so that V D only reflects the impact of the initial
disturbance and is independent of cascading stall process.
However, under our settings, when V post < Vmax, i.e.,
nontrivial cascades became possible, certain motors will stall
immediately if their Vcr > V post. This difficulty makes
necessary an indirect calculation of V post and hence V D.

Because once cascading stall begins, it continues until the
system reaches its post-fault steady state, the expected post-
fault steady state plays an important role in the analysis.
Subsection IV-B gives the method to assess this expected state.
We denote the expected post-fault steady state voltage as V s

and the expected number of motors stalled as Ns. Then given
V P , V post can be estimated as V s +NsV P , and hence

V D = Vmax −
(
V s +NsV P

)
. (7)

Note that the term NsV P of (7) approximates the mean of a
product as the product of the means.

Similar to (5), after V D and V P are obtained, the normal-
ized parameters d and p can be calculated as:

d =
V D

Vmax − Vmin
, (8)

p =
V P

Vmax − Vmin
. (9)

With estimates for d and p, the probability distribution of the
number of motors stalled can be calculated with (6). Note that
the denominators of (8) and (9) show the influence of the range
of stalling voltages Vcr on the key cascading parameters.

To put these procedures in perspective, we note that even
for a simple system, some assumptions and approximations
are needed to carry through the analysis of this paper. While
relaxing the assumptions and also generalizing the model have

clear value, the path to doing this in an analytic way remains
uncertain, while there is a straightforward way to do this
by extending the approach of [20] in confirming that the
CASCADE model fits simulation results. The insights from
analysis of a simplified case can complement the power of
simulation and fitting to accommodate more elaborate models
that have fewer assumptions.

B. Expected post-fault steady state

Because the randomness of the system comes from motor’s
Vcr and initial power, the key to obtain V s is YM , the expected
equivalent admittance for motor load.

Denote the random variable for initial motor power as Pm0.
Then we know from (4) that

YM (V ) =

N∑
i=1

YMi = NYMi

= N

∫
Vcr

[∫
Pm0

YMif(Pm0)dPm0

]
g(Vcr)dVcr, (10)

where f and g are the probability density functions for random
variables Pm0 and Vcr respectively.

From the initialization procedure [20], we know that only
Pm0 influences Ci, and that Ci is proportional to Pm0. There-
fore the inner integration over Pm0 in (10) leads to a result
proportional to the expected value of Pm0, which is equivalent
to assuming that all the motors have equal initial power. This
explains the observations in [20] that the distribution of Ns

is insensitive to Pratio, and that it is a good approximation
to assume all initial motor powers equal. Because of this,
we assume that Pm0 is constant in the following, unless the
random Pm0 is explicitly discussed.

Taking account of (3) and the assumptions about Vcr, (10)
simplifies to

YM (V ) = N

∫ Vmax

Vmin

YMi

Vmax − Vmin
dVcr

= N

∫ V

Vmin
Y n
M (V, Vcr)dVcr +

∫ Vmax

V
Y s
M (Vcr)dVcr

Vmax − Vmin
. (11)

Here, Y n
M and Y s

M take the forms in (3), but since all motors
are treated as the same, the subscript i is omitted hereafter.
V s is the solution of (1) with GM + jBM equaling to

YM (V ) in (11). However, since the underlying equation for
V is too complex to be solved directly, an iteration algorithm
similar to that in [20] is adopted. That is, for an estimate of V ,
calculate YM according to (11), then substitute into (1) to get
a new V . If the error between estimated and new obtained V is
small enough, then the obtained V is V s, otherwise construct
a new estimate and iterate again.

Because Vcr is uniformly distributed in the interval
[Vmin, Vmax] and the motors whose Vcr > V s must be stalled,
the expected number of motors stalled at V s is

Ns = N
Vmax − V s

Vmax − Vmin
. (12)

Obviously, Ns is not likely to be an integer.
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C. Formula for V P

Assume Ns motors stalled. For any particular value of V ,
the Vcr of Ns stalled motors must be greater than V . That
is, the Vcr of the stalled motors must lie in [V, Vmax]. Before
our assumption of stalling, Vcr of these motors was uniformly
distributed in [Vmin, Vmax]. After our assumption of stalling,
these Ns motors are restricted to the interval [V, Vmax]. A
random variable uniform on [Vmin, Vmax] that is restricted to
[V, Vmax] becomes a random variable uniform on [V, Vmax].
Therefore Vcr of the Ns stalled motors is uniformly distributed
in [V, Vmax]. Similarly, for any particular value of V , the
N − Ns unstalled motors must have Vcr < V and hence
are uniformly distributed on [Vmin, V ]. Thus, the expected
admittance for motor load at V with Ns motors stalled is

YM (V,Ns) = (N −Ns)

∫ V

Vmin

Y n
M (V, Vcr)

V − Vmin
dVcr

+Ns

∫ Vmax

V

Y s
M (Vcr)

Vmax − V
dVcr. (13)

If we let Ns = N(Vmax− V )/(Vmax− Vmin), then (13) will
be reduced to (11). Hence (13) is a special form of (11), where
Ns is irrelevant to V . It is clear that YM (V s, Ns) from (13)
equals YM (V s) from (11).

Using (13), we can calculate YM (V s − V P , Ns + 1), i.e.,
the expected admittance of motor load when V s drops by V P

and an additional motor beyond Ns stalls. When GM + jBM

in (1) is substituted by YM (V s − V P , Ns + 1), the resulting
V should be equal to V s − V P according to the definition of
V P . This relation presents an implicit equation for V P once
the expected post-fault steady state of the system is obtained.

Alternatively, we can first calculate the admittance increase
of motor load at post-fault steady state when V s drops by V P

and an additional motor beyond Ns stalls, which is

∆YM = YM (V s − V P , Ns + 1)− YM (V s, Ns).

Using linear approximation of (1), we have

V P = − ∂V

∂GM

∣∣∣∣
V s

∆GM −
∂V

∂BM

∣∣∣∣
V s

∆BM

=
E

x

[
(GZ +GM )2 + (BZ +BM −

1

x
)2
]− 3

2

[
(GZ +GM )∆GM + (BZ +BM −

1

x
)∆BM

]
, (14)

where GM + jBM = YM (V s, Ns) and ∆GM + j∆BM =
∆YM .2

Linearization does not change the essence of the implicit
equation for V P and both linear and nonlinear approaches
need an iterative solver, which is designed as:

1) Assess post-fault steady state and obtain V s and Ns;
2) Initialize GM +jBM as YM (V s, Ns +1) and calculate

V P through the nonlinear equation (1) or the linear
approximation equation (14);

3) Update GM + jBM to YM (V s − V P , Ns + 1);

2Because V P is a drop in expected V , the right hand side of (14) has been
multiplied by −1.

4) Calculate a new V P ;
5) If the change in V P is small enough, stop the procedure;

otherwise, goto step 3.

D. A remark about equation (11)

Equation (11) gives the integration formula for YM , which
can be approximated using the midpoint rule as

YM (V ) ≈ N

Vmax − Vmin

N∑
i=1

YMi(V, Vcri)
Vmax − Vmin

N

=

N∑
i=1

YMi(V, Vcri), (15)

where the integration interval is split into N segments and

Vcri = Vmin + (Vmax − Vmin)
i− 0.5

N
, i = 1, 2, ..., N.

(16)

Equation (15) clearly shows that YM can be approximated
by the sum of N motors’ admittances, where the N motors
have equal initial power and their Vcr forms an arithmetical
series as shown in (16). Furthermore, since the assumed
distribution of motor initial power does not change YM , the
above approximation holds even when the randomness of
motor initial power is considered. This observation can have
some applications. In particular, it explains the reason why
the number of motors stalled and the load bus voltage at
system post-fault steady state calculated from a typical sample
in [20], which is produced by the method above, could provide
insightful information about induction motor cascading stall.

E. d+Np as an indicator for system stress

V D and V P describe the expected voltage drop beyond
Vmax due to the initial disturbance and the expected voltage
drop when one extra motor stalled respectively. They can be
combined into one index: V D+NV P . If this index approaches
Vmax − Vmin, the system is highly stressed and there will be
a high risk of massive cascading stall that has the expected
number of stalled induction motors comparable to N .

To reach this conclusion, we begin with an informal ex-
planation of two special cases and then discuss the general
case.

1) V D approaches Vmax − Vmin. Obviously, in this case,
the initial disturbance is so strong that many motors (in
number comparable to N ) will be stalled at once.

2) V P approaches (Vmax−Vmin)/N . In this case, because
Vcr of each of the N motors is uniformly distributed in
the interval [Vmin, Vmax], one extra motor is expected to
stall once the voltage drops by (Vmax−Vmin)/N , which
is also about V P in this case. Therefore, each motor stall
is expected to cause another subsequent motor stall and
hence the cascading stall process can be propagated to
massive motor stall.

3) V D +NV P approaches Vmax − Vmin. Considering the
two special cases and the assumption about Vcr, no
matter how small V D is, the cascading stall is expected
to propagate similarly to case 2.
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Fig. 5. Distribution of the number of motors stalled Ns at base case
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Fig. 6. Distribution of the number of motors stalled Ns at λ = 1.02

With the normalization (8) and (9), the index V D + NV P

becomes d + Np. d + Np indicates system stress; once d +
Np is close to 1.0, there will be a significant probability of
large numbers of motors stalled. This explains the observations
about d+Np in [20].

More formally, we note from [19] that d + np ≥ 1 is the
condition of the CASCADE model allowing the possibility of
all the motors to stall at some point in the cascade, which is
called “saturation.”

V. CASE STUDIES

A. Method performance and impact of system stress

The system parameters at base case and the induction motor
parameters are same as those in [20]. That is, E = 1.029,
xn = 0.1, xp = 0.2, PL0 + jQL0 = 1.0 + j0.4, N = 100,
Mratio = 0.6, Vmax = 0.92, Vmin = 0.5, Pratio = 10, r1 =
0.0456, x1 = 0.295, r2 = 0.02, x2 = 0.12, rm = 0.35,
xm = 3.5, α = 0.15 and p = 2.0, where xn and xp are pre-
fault and post-fault transmission line reactance respectively,
and Mratio is the ratio of motor load to total load. The number
of samples Nsample is 105.

Fig. 5 compares the distributions of Ns obtained from the
simulation, fitting and analysis methods at base case. The
fitting method, which finds the best values of d and p for
which CASCADE best fit the simulated results, is described
in more detail in [20]. For these results, the simulated result
of the probability of no motor stalled P0 is 0.6483, V s and
Ns are 0.9176 and 0.5702 respectively, and the analyzed d
and p are 0.003346 and 0.004132 respectively. It can be seen
that the simulated and fitted distribution match quite well and
the analyzed distribution has a certain discrepancy from them.
Even though, the proposed analysis method can be regarded
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Fig. 7. Distribution of the number of motors stalled Ns at λ = 1.05
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Fig. 8. Distribution of the number of motors stalled Ns at λ = 1.10

as quite successful, since it achieves this result through pure
analysis based on the CASCADE model.

We examine the effect of changing the initial load power
PL0 + jQL0 by scaling it by a factor λ. The discrepancy
reduces as loading factor λ increases, as shown in Figs. 6 and
7, where the simulated results for P0 are 0.3144 and 0.1023
respectively. As we can see, 2% load increase from the base
case gives a good result while a 5% increase is even better.
It is now clear that the proposed analysis method can capture
some essential characteristics of induction motor cascading
stall. Indeed, Fig. 8 gives the result when load increases 10%,
where the simulated result for P0 is 0.01417. Overall, it can be
seen that the analyzed distribution matches the simulated and
fitted results quite well. Our analytic method achieves better
performance under small P0 or stressed system conditions.

B. Impact of several variables on d and p

To study the impact of the loading factor λ on d and p, 18
cases are generated by varying λ from 0.96 to 1.25 with step
0.01 when λ ≤ 1.10 and step 0.05 when λ > 1.10. It is found
that 16 cases with λ ≥ 0.98 can be fitted with the CASCADE
model using the method of [20]. The two failed cases have P0

greater than 0.998 so that cascading stalls in these conditions
are too rare. It is found that 14 cases with λ ≥ 1.00 can be
analyzed with the method of this paper. The four failed cases
have V s > Vmax, which means that no motor is expected to
be stalled. Figs. 9 and 10 compare d and p obtained from the
fitting and analysis methods respectively.

Fig. 9 shows that the fitted and analyzed d match well
and that the analyzed d has good linear relationship with λ
as shown by the fitted straight line. Since P0 = (1 − d)N

according to (6), then logP0 = N log(1 − d) and hence
∆(logP0) = −N∆d/(1 − d). Because ∆d is approximately
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proportional to ∆λ and d is basically a small value, we can
explain the relationship between logP0 and λ in [20].

Fig. 10 shows that analyzed p also has good linear relation-
ship with λ as indicated by the fitted straight line. However,
fitted p is 3% − 19% larger than analyzed p and its pattern
is not obvious. Because the analyzed d matches well with
fitted d and its derivation takes advantage of analyzed p, the
analyzed p seems to be accurate. On the other hand, the fitting
method from [20] fits the logarithm of (6) to the logarithm
of probabilities and hence gives more weight to the tail of
the Ns distribution. It seems that a bigger p in these cases
can improve the fitting performance at the tail of distribution,
exactly where the largest errors of the analyzed results are as
we can see from Figs. 5 to 8.

The above impact of λ on d and p is quite typical.
Studies reveal that PL0, QL0 and Mratio also have good
linear relationships with the analyzed d or p. Due to space
limitations, the detailed comparisons are not described here.
Table I summarizes the sensitivities, i.e., the slopes of fitted
straight line, of analyzed d and p to λ, PL0, QL0 and Mratio,
from which we have following observations:

1) The values in the λ column approximately equal the
values in the PL0 column plus 0.4 times the values in
the QL0 column, where 0.4 comes from the fact that at
base case, QL0 = 0.4PL0. This implies PL0 and QL0

TABLE I
SENSITIVITIES OF ANALYZED d AND p TO λ, PL0 , QL0 AND Mratio

λ PL0 QL0 Mratio

sensitivity of d 0.3891 0.1737 0.5264 0.09565

sensitivity of p 0.003504 0.004495 −0.001799 0.009775
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Fig. 11. Distribution of number of motors stalled Ns when Mratio = 1.0

roughly influence d or p independently.
2) d has the biggest sensitivity to QL0, which means

increasing load compensation can efficiently prevent
cascading stall from happening. However, the negative
sensitivity of p to QL0 indicates that increasing com-
pensation makes cascading stall easier to propagate and
hence makes large cascading stalls relatively more likely
than small cascading stalls. Our analysis reveals this
non-obvious tradeoff between the frequency and severity
of cascading.

3) d has the smallest sensitivity to Mratio, which means
that increasing the percentage of motor load will not
decrease P0 significantly. However the large sensitivity
of p to Mratio indicates that increasing the percentage of
motors will incur more frequent large cascading stalls.

C. Highly stressed cases

When system is highly stressed, which can be indicated by
d + Np close to 1.0, there will be a high risk of massive
cascading stall and the distribution could be hard to fit with
the CASCADE model [20].

Fig. 11 shows the distribution of Ns when Mratio = 1.0,
whose simulated P0 = 0.01428, V s = 0.8255 and Ns =
22.51. The analyzed d and p are 0.04488 and 0.008006
respectively and hence d + Np = 0.8455. As we can see,
both analyzed and fitted distributions match the simulated
distribution well. Compared with Fig. 8, whose simulated
P0 is 0.01417, analyzed d and p are 0.04078 and 0.004501
respectively and hence d+Np = 0.4909, Fig. 11 has a similar
P0 but an extended distribution and a higher probability of
large number of motors stalled.3

Fig. 12 gives the distribution of Ns when Vmax = 0.85 and
PL0 + jQL0 = 1.697 + j0.4, whose simulated P0 = 0.5644,
V s = 0.6706, Ns = 51.26. This case is special because with
typical sample, the system has no motor stalled and Vs =

3A careful inspection of the distributions ofNs in Fig. 11 shows that for two
parts of the PDF, the simulated data have a lower probability density than the
analytical model, which contrasts with Figs. 5 to 8, where the simulated data
almost consistently have a higher probability density. The reason is that in the
stressed system of Fig. 11, massive cascading stall becomes more likely and
hence V P could be overestimated, while in Figs. 5 to 8 where the system is
not stressed much (d+Np < 0.5), the cascading stalls are not fully developed
and hence V P is likely to be underestimated. In our analysis method, it is
implicitly assumed that each extra stalled motor causes a mean voltage drop of
V P ; i.e., the mean voltage drops linearly with the number of motors stalled.
However, the underlying problem is nonlinear, and the effects of our linear
approximation can appear in different ways depending on system conditions.



PREPRINT OF DOI 10.1109/TPWRS.2013.2244924, IEEE TRANSACTIONS ON POWER SYSTEMS, VOL 28, NO 3, AUG 2013, 3184-3193 8

1 2 5 10 20 50 100
Ns

10-5

10-4

0.001

0.01

0.1

1

PDF

Analyzed

Fitted

Simulated

Fig. 12. Distribution of number of motors stalled Ns when Vcr = 0.85 and
PL0 + jQL0 = 1.697 + j0.4
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Fig. 13. Distribution of number of motors stalled Ns with different N at
base case.

0.8483, while a 0.001 increase of PL0 will cause 49 motors
stalled and Vs = 0.6772. The analyzed d and p are 0.06787
and 0.008676 respectively, and hence d + Np = 0.9355.
Because d + Np is close to 1.0, the analyzed distribution
cannot match well the simulated distribution but can predict
the significant probability of a large numbers of motors stalled.

D. Impact of number of motors N on Ns distribution

So far, all cases have N = 100. Now let’s increase N and
see how the distribution of Ns changes. Figs. 13-15 compare
Ns distributions of three cases with different N , where the
dashed lines correspond to analyzed Ns distributions. The
three cases are the base case, the base case except that
Mratio = 0.8, and the base case except that Vmax = 0.85
and PL0 + jQL0 = 1.697 + j0.4. Each case is simulated
and analyzed with N being set to 100, 1000 and 10000
respectively, except for the case with Vmax = 0.85 and
N = 10000, whose required simulation time is prohibitively
large. Table II summarizes five key parameters of each case
with different N .

From Figs. 13-15 and table II, we have the following
observations and conclusions:

1) V s is independent of N and Ns is proportional to N .
2) Approximately, p is inversely proportional to N and

d is independent of N , and hence d + Np is also
independent of N . Because P0 = (1−d)N , P0 decreases
exponentially when N increases.

3) Fig. 13 shows that when d+Np is small, the probability
of a large number (compared with N ) of motors stalled
is also small. However, the form of the Ns distribution
varies with N . For N = 100, Ns is small and the
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Fig. 14. Distribution of number of motors stalled Ns with different N when
Mratio = 0.8
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Fig. 15. Distribution of number of motors stalled Ns with different N when
Vmax = 0.85 and PL0 + jQL0 = 1.697 + j0.4. Because of prohibitive
computation involved, simulation results of N = 10000 are not shown.

Ns distribution has a typical heavy tailed shape. For
N = 10000, Ns is proportionally larger and the Ns

distribution is peaked.
4) Fig. 14 has essentially same characteristic as Fig. 13,

although the system has a bigger d + Np and more
motors will stall. The main difference is that the diversity
of the Ns distribution increases. For example, when
N = 10000, about 0.2% − 5% motors stall in Fig. 14,
whereas about 0.15%− 1.1% motors stall in Fig. 13.

5) Fig. 15 shows that when d + Np exceeds 0.93, there

TABLE II
IMPACT OF NUMBER OF MOTORS N ON KEY PARAMETERS

N = 100 N = 1000 N = 10000

V s 0.9176 0.9176 0.9176

base Ns 0.5702 5.702 57.02

case d 0.003346 0.003351 0.003351

p 0.004132 0.0004123 0.00004123

d+Np 0.4165 0.4157 0.4156

V s 0.9135 0.9135 0.9135

Mratio Ns 1.544 15.44 154.4

= 0.8 d 0.003335 0.003388 0.003391

p 0.007840 0.0007806 0.00007804

d+Np 0.7873 0.7840 0.7838

V s 0.6706 0.6706 0.6706

Vmax Ns 51.26 512.6 5126.

= 0.85 d 0.06787 0.06979 0.06982

p 0.008676 0.0008638 0.00008638

d+Np 0.9355 0.9336 0.9336
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is a significant probability of a large number of motors
stalled. Because the high probability of large numbers of
motors stalled coexists with a high simulated P0, which
is 0.5644 for N = 100 and 0.2891 for N = 1000,
special attention should be paid to such cases.

6) When d+Np is not large, the analyzed Ns distribution
matches well with simulated Ns distribution. When
d+Np is close to 1.0, the match is not close, but one can
correctly predict the risk that a large numbers of motors
stall. It should be noted that the proposed analysis
method has a negligible computation time compared
with simulation.

VI. CONCLUSION

We use analytic methods to predict the probability dis-
tribution of the number of motors stalled in a single line
power system with a load with many induction motors. We
derive CASCADE model parameters d and p describing the
initial disturbance and average amount of propagation from the
system parameters, and then obtain the probability distribution
of numbers of motors stalled using the CASCADE model
formula. Case studies comparing the analytic approach with
simulations show that when system is moderately stressed, the
method works well, while when system is highly stressed, it
can evaluate the risk of large numbers of motors stalled. This
demonstrates the use of CASCADE and its parameters d and p
to quantitatively describe cascading stall. The analysis is more
insightful than simulation and also orders of magnitude faster.

The analysis quantifies relationships so that we can begin
to understand how to make changes in the system parameters
and d and p to mitigate large cascading stalls. Our case
studies show that the load level, initial real and reactive
load, and the ratio of motor load in total load all have good
linear relationships with d or p. Hence the system changes
rapidly from unlikely cascading stall to frequent cascading
stall. Static reactive power compensation can help to prevent
the initiation of cascading stall but the resulting fewer cascades
will propagate more easily. d + Np is a useful indicator for
the system, where N is the number of motors. If d + Np is
near 1, the probability of a large numbers of motors stalled is
high and its distribution is largely independent of N .

Analytic calculations on simple systems often reveal rela-
tionships and insights that can underpin engineering solutions,
and it is reasonable to ask how our methods could be applied
more generally. We note that [20] discusses the prospects
for generalization to more elaborate systems models, and
in particular [20, section VII] suggests that the CASCADE
parameters d and p could be estimated from measurements at
a substation bus.
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