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Cascading Stall of Many Induction Motors
in a Simple System

Hao Wu, Member IEEE and Ian Dobson, Fellow IEEE

Abstract—After an initial fault lowers bus voltage, induction
motors connected to the bus can successively stall in a cascading
process that can lead to a voltage collapse or delayed voltage
recovery. There are typically many induction motors connected
to the bus, and models that aggregate the motors do not capture
the cascading stall. We study the cascading stall in a simple
power system with many induction motors using a quasistatic
assumption and randomization of some motor parameters, and
hence efficiently estimate the distribution of the number of motors
stalled. This approach is also extended to a simple 4-bus system
and a simple motor dynamics and similar results are obtained.
These distributions can often be fit with a high-level and generic
probabilistic model of cascading failure, showing a commonality
between cascading motor stall and other cascading processes.

Index Terms—cascading failure, induction motor, load model-
ing, voltage stability.

NOMENCLATURE

E Voltage magnitude for infinite bus
V , θ Voltage magnitude and angle for load bus
x Transmission line reactance
PL, QL Real and reactive power for total load
PM , QM Real and reactive power for total motor load
Mratio Ratio between initial total motor power and

initial total load power
N Number of motors connected to load bus
s Slip of motor
k Load factor of motor
subscript 0 Indicates quantity at initial state, e.g., s0
subscript i Indicates quantity for motor i, e.g., si
Vcr, scr Critical voltage and slip for motor
Vmin, Vmax Lower and upper limits of distribution of Vcr
Pratio Ratio of the maximum motor initial power

to the minimum motor initial power
BCi Parallel compensator for motor i
Ci Factor converting equivalent admittance for

motor i from motor base to system base
YM Admittance of all motors at system base
Ns Number of motors stalled at steady-state
P0 Probability of no motors stalling
d, p Size of initial disturbance and the amount of

propagation in CASCADE model

I. INTRODUCTION

Induction motors are a significant dynamic load in power
systems. They typically consume about 57% of total load

Hao Wu is with the College of Electrical Engineering, Zhejiang Univer-
sity, Hangzhou, Zhejiang, China, 310027. vuhao@zju.edu.cn. Ian Dobson
is with the Electrical and Computer Engineering Department, Iowa State
University, Ames IA 50011 USA. dobson@iastate.edu. Financial support
in part from China NSF grant 50707029 (Wu), and USA DOE grant DE-
SC0002283 and NSF grant CPS-1135825 (Dobson) is gratefully acknowl-
edged. c©IEEE 2012

power and about 78% of industry loads [1]. Hence their be-
havior has crucial impacts on power system dynamic behavior
[2], especially, voltage stability and voltage performance [1],
[3], [4], [5]. Because of this, modeling induction motors has
attracted researchers over the last thirty years.

The early works about induction motor modeling are well
summarized in [6], [7], where the induction motors at one
substation are aggregated into one equivalent induction motor.
Combined with some parallel static load components, such as
a constant impedance load, it forms the substation load model
that is both simple and commonly used.

However, some operational problems have stimulated re-
search in more elaborate models. The operational problems
include fast voltage instability and power oscillation problems
in bulk power systems [8], [9] and fault-induced delayed volt-
age recovery problem at several voltage levels [5], [10], [11].

Because induction motor cascading stall can lead to fast
voltage instability, [12], [13] and [14] studied this mechanism
based on numerical simulation and bifurcation theory. Two or
more motors are modeled there, but each load bus has only
one aggregate motor. The studies of the 1996 WSCC system
oscillations stress the importance of dynamic load model
parameters [9], [15]. This motivated research on the influence
of load model parameter uncertainties on system eigenvalues
[16], [17] and the characteristic and clustering of load mod-
eling at one substation [18]. However, in these studies, each
load bus still has one aggregate motor. The studies of delayed
voltage recovery are interesting. Besides cascading stall and
parameter variability problems, they require incorporating air
conditioner compressor models along with their protection
logic into the load model [5], [10], [19], [20]. Hence the
resulting load models include several equivalent motors, one of
which can stall more easily. In summary, we note the trends
in recent studies of induction motor models of considering
parameter uncertainties and more equivalent motors and the
problem of cascading stall.

As regards the general phenomenon of cascading failure,
bulk power transmission systems experience cascading events
which can cause large blackouts [21], [22]. There has been
recent progress in describing both simulated and observed
cascading failures in transmission systems using high-level
probabilistic models, such as the loading-dependent model
CASCADE [23] or the branching process models that approx-
imate CASCADE [24], [25], [26], [27]. As well as providing
insights into the cascading process, CASCADE provides a
simple formula that predicts the number of failed elements
in terms of parameters that describe the size of the initial
disturbance and the average amount of propagation of failures.
In this paper we show that the CASCADE formula can also
fit the cascading stall of induction motors.
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Fig. 1. Single load infinite bus system

Considering the power system reality that there can be thou-
sands, even millions of induction motors connected through
the distribution system to one substation and the motors vary in
type and operating conditions, the uncertainty in motor param-
eters and operating conditions can be substantial. Therefore,
their critical stability conditions are dispersed, which implies
that there is a range of propensities for motor stall. Hence it
is appropriate to model the variability and uncertainty of the
motors probabilistically. In particular, we model the critical
stall voltage and the motor size probabilistically.

While the load model with one or a few equivalent induction
motors can be very useful for many purposes, the cascading
stall of many motors cannot be studied through this model.
Instead, we assume many induction motors and for illustrative
purposes use 100 motors. Because so many motors will be
simulated and it is a first analysis in this style, it is appro-
priate to use the simplest motor models that can capture the
cascading stall. In particular, we use a quasistatic assumption
to capture the main features of the cascading motor stall and
avoid the detailed simulation of the motor dynamics.

We study the voltage collapse when induction motors
successively stall after an initial disturbance that depresses
the bus voltage. Since each motor stall tends to draw more
current and further depress the voltage, there can be a cascade
of motors stalling. The cascade is one typical mechanism
leading to voltage instability or fault-induced delayed voltage
recovery. This paper describes a quasistatic model that
summarizes the cascading process of voltage decline and then
shows that the number of motors stalled can often be fit with
the CASCADE model [23].

There is related initial work in [28] that, in contrast the
the present paper, assumes a uniform distribution of initial
slip and equal initial motor powers. This paper treats different
cases and extends the general direction of modeling in [28] by
describing further insights into the results and their relation to
the CASCADE model.

The organization of the paper is as following. Section II
describes the power system and induction motor modeling.
The quasistatic model for the cascading stall is proposed
in section III. Section IV reviews the CASCADE model.
Section V presents the simulation results and their fit with the
CASCADE model. Section VI suggests a fast analysis method
that can efficiently derive the contours of equal cascading
probability in a parameter plane. Section VII discusses how the
approach could apply to multi-bus systems, and suggests future
research directions. Section VIII shows a simple dynamic case
study and section IX compares our probabilistic approach
with a composite dynamic load model approach. Section X
concludes the paper.

r1+jx1 jx2

r2

rm+jxm

s
V

Fig. 2. T-shaped equivalent circuit for induction motor

II. MODELING AND ASSUMPTIONS

A. Power system model

For the single load infinite bus system shown in Fig. 1, the
power flow equations are

−EV
x

sin θ = PL = (GZ +GM )V 2 (1a)

EV

x
cos θ − V 2

x
= QL = −(BZ +BM )V 2 (1b)

where GZ +jBZ = YZ is a constant parallel load admittance,
GM + jBM = YM is an equivalent admittance for the total
motor load, and PL + jQL is total load power. The ratio
between initial total motor power and initial total load power
is Mratio and the total motor power is PM + jQM . Solving
(1) for the bus voltage gives

V =
E

x
√

(GZ +GM )2 + (BZ +BM − 1
x )

2
(2)

B. Induction motor model

Assume there are N induction motors attached in parallel
to the load bus. Each induction motor is modeled by the well
known T-shaped equivalent circuit shown in Fig. 2, where s
is motor slip, and r1, x1, r2, x2, rm and xm are resistances
and inductances for the stator, rotor and magnetic windings
respectively. The electromagnetic torque Te is

Te(s, V ) =
r2
s

∣∣∣∣ zm
z1zm + (zm + z1)z2(s)

∣∣∣∣2 V 2, (3)

where z1 = r1+jx1, zm = rm+jxm, and z2(s) = r2/s+jx2.
The mechanical torque Tm is

Tm(s) = k [α+ (1− α)(1− s)p] , (4)

where k is load factor, α is the ratio of constant mechanical
torque to total torque, and p is a factor reflecting the impact of
motor rotation speed on the non-constant mechanical torque
component. The rotor dynamic equation is

TJ
ds

dt
= Tm(s)− Te(s, V ), (5)

where TJ is total inertia constant for the motor rotor and its
mechanical load.

C. Simplifying assumptions and critical voltage Vcr
A detailed simulation including the induction motor slip

dynamics based on (5) can be useful, especially for a small
number of induction motors [12], [13], [14]. However, for
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Fig. 3. Relationship between voltage V and slip s for a single motor.

hundreds of induction motors, such a detailed dynamical
simulation is time-consuming and even intractable if Monte
Carlo simulation is used. Therefore we model the cascading
stall of the system quasistatically as a series of steady states.
The motors that are stalled are modeled by the constant
admittance

Y s
MT =

z2 + zm
z1z2 + z1zm + z2zm

, (6)

where z2 = r2 + jx2, while the motors that are not stalled
satisfy the static torque balance equation

Tm(s) = Te(s, V ). (7)

All variables in (7), except V , s, and k, are motor parameters.
Because k is determined when the motor initializes and never
changes later, (7) describes the relationship between V and
s for a single motor, as shown in Fig. 3. The stalled state
corresponds to slip s = 1 and the line below point 2 in
Fig. 3. The normal stable operation range, where s is small,
corresponds to the portion of Fig. 3 to the left of point 1.
As the rest of system changes by small amounts, the motor
voltage will decrease quasistatically along the portion of Fig.
3 to the left of point 1 until it reaches the critical voltage
Vcr and critical slip scr at the local minimum of the curve, at
which point the steady state solution is lost and the motor stalls
with s = 1 as indicated by the arrow.1 A similar quasistatic
assumption has been very useful in bifurcation analysis of
motor dynamics [13]. This modeling is consistent with the
motor voltage always decreasing as the initial fault occurs
and as the other motors stall. In this paper we focus on the
voltage decline caused by cascading stall, and do not consider
any process of voltage recovery as motors resume normal
operation, or as motors or other loads are disconnected by
protection.

We assume that all motors have same parameters as given
in the appendix, except for Vcr, k and the initial slip s0. To

1The portion of the curve in Fig. 3 to the right of point 1 can, depending
on machine parameters, include some states intermediate between normal
operation and stall that could be potentially accessible when certain motor
transients are considered. Neglecting the existence of these states will not
cause much problem, because these states requires a relatively high V and,
even if they are encountered, the motor draws a large current similar to that
drawn by a motor stalled with s = 1.

determine the critical slip scr, rewrite (7) as

V 2

k
= h(s), (8)

where

h(s) = [α+ (1− α)(1− s)p] s
r2

∣∣∣∣z1 + (1 + z1
zm

)
z2(s)

∣∣∣∣2 .
Since Vcr is a local minimum at s = scr, h(s) also has a
local minimum at s = scr, and hence it is straightforward
to calculate scr. Since all variables in h(s) except s are
parameters common to all the motors, scr is the same for
all the motors.

The critical voltage Vcr will vary among the motors, and
we make the simple assumption that Vcr is a random variable
uniformly distributed in an interval [Vmin, Vmax].

Although total initial motor power is fixed, the initial power
PM0i of motor i is chosen randomly. Let the ratio of the
maximum motor initial power to the minimum motor initial
power be not greater than Pratio. We assume that the weight
of each motor’s initial power PM0i in total motor initial power
PM0 is a uniform random variable in the interval [1, Pratio].
Then, PMi can be allocated from PM0 according to its weight.

D. Induction motor initialization

Now we initialize the remaining parameters for the ith
induction motor for i = 1, 2, ..., N . The critical voltage
Vcri is sampled from the uniform distribution in the interval
[Vmin, Vmax]. Then ki is calculated using (8):

ki =
V 2
cri

h(scr)
, (9)

and the motor initial slip s0i is obtained from (7):

s0i = S0(Vcri). (10)

Since Vcri has an uniform distribution, s0i will not be uni-
formly distributed due to the nonlinear relationship (10). One
consequence is that initially there will tend to be fewer motors
running at high slip.

From the T-shaped equivalent circuit in Fig. 2, the equiva-
lent admittance YMTi for motor i is

YMTi(si) =
zm + z2(si)

z1zm + (z1 + zm)z2(si)
(11)

Motor i has a parallel compensator with susceptance Bci

attached to the motor terminal to make the compensated motor
power factor equal to the power factor of the initial total bus
load PL0 + jQL0. The value of Bci is determined during the
initialization by

Bci = −Re(YMTi(s0i))
QL0

PL0
− Im(YMTi(s0i)) (12)

Once Bci is determined, it never changes, and the motor
remains compensated when it stalls. Therefore the total ad-
mittance of motor i, including the compensation, is

YMCi =

{
Y n
MCi = YMTi(si) + jBci if Vcri ≤ V ,
Y s
MCi = Y s

MT + jBci if Vcri > V .
(13)

The above motor admittances are in the motor base and need
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to be converted to the system base. It is a common practice in
induction motor simulation that the admittance ratio between
system base and motor base is assumed to be a constant Ci

at any moment during the dynamic process [29]; that is,

Ci =
YMi

YMCi
, (14)

where YMi is equivalent admittance of motor i in system base.
Since all variables at initial state can be obtained, Ci can be
determined. Let motor i initial equivalent admittance in system
base is YM0i. Then

Ci = C(S0(Vcri)) =
YM0i

YMCi(s0i)
=
PM0i − jQM0i

YMCi(s0i)V 2
0

. (15)

E. Induction motor admittance

From (8) we know that si is a function of V and ki, and
hence, a function of V and Vcri because of (9). Thus, from
(13) and (14) we have the compensated motor i admittance in
system base:

YMi =

{
Y n
Mi(V, Vcri) = CiY

n
MCi if Vcri ≤ V ,

Y s
Mi(Vcri) = CiY

s
MCi if Vcri > V .

(16)

The equivalent admittance YM of the total motor load is

YM (V ) =

N∑
i=1

YMi. (17)

III. QUASISTATIC MODEL OF CASCADING STALL

After the initial fault on the power system, the cascading
motor stall proceeds as follows: As the bus voltage V drops,
the motor with the highest critical voltage Vcr will stall first.
The stalled motor will be modeled by (6) and draw more
current from the system. This causes the bus voltage V to
drop further. If V falls below Vcr of some remaining unstalled
motor, then that motor will also stall. The process continues
in a similar way until no further motors stall. Given the
induction motor modeling explained above, we can now model
the cascading stall of many motors in stages. The objective is
to compute the distribution of the number of motors stalled.

Suppose at some stage of cascading, we know which motors
are stalled. Then we can compute the resulting bus voltage as
follows: Substituting GM+jBM in (2) by YM (V ) in (17) will
form a fairly complicated equation for V . The solution of the
complicated equation is the post-fault steady state voltage V ,
which is denoted as Vs hereafter. The solution Vs is obtained
iteratively.

The quasistatic model uses random motor critical voltages
and powers, and must be run Nsample times to sample these
random variables and produce Nsample samples of the number
of motors stalled. Denote the pre-fault and post-fault transmis-
sion line reactance as xn and xp respectively. The algorithm
may be summarized:

1) Solve V0 from (1) with x = xn, PL + jQL = PL0 +
jQL0, then calculate GZ + jBZ .

2) Set sample counter n = 1.
3) Sample Vcri and weight of initial power for each motor.
4) Allocate total initial motor power to each motor.

5) Initialize each motor to get ki, Bci and Ci.
6) Give an estimate for bus voltage Vs.
7) Update each motor’s slip si according to Vs. More

specifically, motors with Vcri > Vs have si = 1.0, while
for those with Vcri ≤ Vs update si according to (7).

8) Calculate YM according to (17) and then solve V from
(2) with GM + jBM = YM and x = xp.

9) If the error between V and Vs is small enough, goto
10; otherwise, construct a new estimate for Vs and then
goto 7.

10) If n < Nsample, set n := n+ 1 and goto 3. Otherwise,
output distribution of number of stalled motors and stop.

If the assumptions made in section II-C are satisfied, this
simulation algorithm can be more than 1000 times faster than
strict time domain simulation based on dynamic equations (5)
and at the same time without losing accuracy.

Moreover, above quasistatic simulation algorithm can be
easily extended to a multi-bus system, where motors at each
bus are processed in the similar way and V for each bus is
updated through solving power flow.

IV. CASCADE MODEL

The CASCADE model is an analytically tractable proba-
bilistic model of cascading failure that captures the weakening
of the system as the cascade process [23]. There are N iden-
tical components and each component has a level of loading
or stress. The normalized initial load on each component is
uniformly distributed between zero and one and independent
of the initial loading on other components. (Here it is con-
venient to use the version of CASCADE with all parameters
normalized.) There is a normalized initial disturbance d that
adds additional loading to every component. Each component
fails if its loading exceeds one. When any component fails,
all the other components are additionally loaded with a load
increment p. Initial failures can lead to a cascading sequence of
failures as components successively overload and additionally
load the other components. The cascade continues until there
are no further failures or all the components are failed.

The parameter d is proportional to the size of the initial
disturbance, and the parameter p is proportional to how much
the cascades propagate. There is no cascading for d < 0, and
nontrivial cascades become possible for d ≥ 0. For d ≥ 0,
the total number of failed components has the probability
distribution:

Probability of r total failures =
(
N
r

)
d(rp+ d)r−1(max{1− rp− d, 0})N−r; r < N,

1−
N−1∑
s=0

probability of s total failures; r = N.
(18)

In particular, the probability of zero motors stalling is P0 =
(1− d)N .

The classic least squares method is used to fit the distri-
bution of the number of motors stalled from the quasistatic
model with the CASCADE model distribution (18). Because
the probabilities of numbers of motors stalled can differ by as
much as a factor of 104, fitting without preprocessing will tend
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Fig. 4. Distribution of number of motors stalled Ns at base case.

to neglect low probability cases. In order to solve this problem,
the logarithm of (18) is fit to the logarithm of probabilities.

V. QUASISTATIC MODEL RESULTS & FIT WITH CASCADE

A. Base case

The power system parameters are E = 1.029, xn = 0.1
and PL0 + jQL0 = 1.0 + j0.4. With these settings, V0 =
0.9833. There are N = 100 motors, with the parameters in
the Appendix. Assume Vmax = 0.92 and Vmin = 0.5; that is,
some motors begin to stall when V < 0.92 and all of them
stall when V < 0.5. Assume Pratio = 10 and let Mratio = 0.6
and xp = 0.2. The number of samples Nsample = 105.

Fig. 4 shows the base case distribution of the total number
of failures, where Fig. 4a and Fig. 4b give the frequency and
probability distribution of Ns respectively. The dots in the
figure correspond to simulation result, while the curve shows
the fitting result from the CASCADE model. Fig. 4a gives
the same data as Fig. 4b, but the log-log scale in Fig. 4b
allows the small probabilities of many motors stalled in the tail
of the distribution to be seen. These small probability events
are important because many motor stalled have a high impact
when they cause a blackout.

B. Impact of load level

We examine the effect of changing the initial load power
PL0+jQL0 by scaling it by a factor λ while leaving the other
parameters unchanged. λ is varied between 0.96 and 1.25.
P0 is the probability of no motors stalling. In the base case,

P0 = 0.65; that is, 35% of the samples have motors cascading.
P0 decreasing below one gives the onset of cascading stall. As
shown by the fitted line in the semilog plot shown in fig. 5,
P0 decreases approximately exponentially as the load increases
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Fig. 5. Probability of no stall P0 vs. loading factor λ
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Fig. 6. Distribution of number of motors stalled Ns at λ = 0.98

beyond the onset of cascading stall. This shows that a small
changes in parameters, say a 5% increase in load, can strongly
affect the probability of cascading.

Figs. 6 to 8 give the distribution of the number of motors
stalled when the load factor λ is 0.98, 1.07, and 1.25 respec-
tively. As we can see from these figures and Fig. 4, when
λ increases, and the system is more stressed, the chance of
more motors stalled increases. The distribution in Fig. 8 for
λ = 1.25 is approximately normal. All plots above show that
the CASCADE model can fit the results quite well.

The base case λ = 1 is likely to be a cascading case of
engineering interest since it is intermediate between the case
of lower stress λ = 0.98 in which cascades are small and
cascading is not fully developed, and the highly stressed cases
λ = 1.07 or 1.25, in which cascading is severe and many
motors stalled is very likely.

The above impact of λ on the distribution of the number of
motors stalled is quite typical. Similar patterns can be observed
if PL0, QL0 or Mratio changes around the base case. Due to
space limitations, they are not described here.

We have varied the maximum ratio of initial motor powers
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Fig. 7. Distribution of number of motors stalled Ns at λ = 1.07
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Fig. 8. Distribution of number of motors stalled Ns at λ = 1.25

from Pratio = 1 (all motors with the same initial power) to
Pratio = 100 and found that the distribution of the number of
motors stalled is insensitive to Pratio. We conclude that for
this calculation it is a good approximation to assume all motor
powers equal.

C. Highly stressed cases

Fig. 9 shows the match of the distribution of Ns with CAS-
CADE in 3 cases with load powers 0.96+j0.384, 1.188+j0.3,
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Mratio = 0.8

è

è
è
è è è è è è èèèèèèèèèèèèèèèèèèèèèè

èèèèèè
èè

èèèèèè
èèèèèè
èèè
è
èè
è

è

èè

èè

è

è

è

è

è
è

è

èèè

+

+
+
+
+ +

++++++++++++++++++++++++
++++++
+++++++++++
++++++++++++
++++++++++++++++++++
++++
+
+
+

+

++
+
+
+

++

++

*

*
*
*
*
*
*
*
* *
*
**
*
*
*
*
*
*
*
**

**

**
*

*
*

*
*

*
*

** *

1 2 5 10 20 50 100
Ns

10
-5

10
-4

0.001

0.01

0.1

1

PDF

è 1.393+ j0.5572

+ 1.697+ j0.4000

* 1.000+ j0.7150

Fig. 10. Distribution of number of motors stalled Ns for three cases when
Vmax = 0.85.

and 0.8 + j0.432 respectively, when Mratio = 0.8. The
corresponding P0 are 0.5950, 0.5933, and 0.6184, all still
about 0.6. In terms of the CASCADE model, the higher stress
is indicated by d + Np = d + 100p getting bigger. d + Np
of second case is estimated to be 0.7738, which is larger than
0.6474 of first case and 0.5358 of third case. The system is
highly stressed with significant probability of large numbers
of motors stalled. The distribution of Ns in the second case
is harder to fit.

Fig. 10 compares the distribution of Ns for three cases when
Vmax = 0.85. Their load powers are 1.393+j0.5572, 1.697+
j0.4 and 1.0+j0.715 respectively. Their P0 are 0.5990, 0.5644
and 0.6159, still about 0.6. With these parameters, d+Np for
the three cases are estimated to be 0.7870, 0.9119 and 0.6006
respectively. Because the second case has a high probability
of stalling many motors, its d + Np is close to 1 and the
distribution is badly fitted. Because the third case has a small
d+Np, it still can be well fitted. The fitting result of the first
case is marginal. We conclude that for some highly stressed
cases, the distribution of Ns can not be well fitted with the
CASCADE model.

D. Distribution of other variables after cascading

The number of motors stalled is a convenient measure of the
size of the cascade, but other variables such as the final values
of steady-state load bus voltage Vs, angle θs, load power PLs

and QLs may be easier to measure in practice. Therefore we
examine the distributions of these variables.

The final values of Vs and PLs decrease as the number of
motors stalled increases. To make all variables increase as the
number of motors stalled increases, we consider Max(V n

s )−
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Fig. 11. Distribution of multiple variables after cascading at base case.
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Fig. 12. Distribution of multiple variables after cascading when Vmax =
0.85 and PL0 + jQL0 = 1.697 + j0.4.

V n
s and Max(Pn

Ls)− Pn
Ls, where superscript n stands for the

nth sample point of corresponding variable in its distribution
range. To be able to compare the distributions, we normalize
the range of Nn

s , Max(V n
s ) − V n

s , θns , Max(Pn
Ls) − Pn

Ls and
Qn

Ls to the range 1 to 10 and plot all five distributions for
the base case in Fig. 11. All five distributions have a similar
form in the base case. This conclusion also holds in the more
stressed system in which Vmax = 0.85 and PL0 + jQL0 =
1.697 + j0.4 as shown in Fig. 12.

VI. A TYPICAL SAMPLE AND CONTOURS

The quasistatic model is significantly faster than full dy-
namic simulation, but it requires many samples of the motor
critical voltages and initial powers, which is still quite time
consuming. For the quickest analysis, the quasistatic model
can be used on one typical sample of the motor critical
voltages and initial powers. The typical sample of the critical
voltages is taken as the equally spaced sample

Vcri = Vmin + (Vmax − Vmin)
i− 0.5

N
, i = 1, 2, ..., N.

(19)

The motor initial powers are simply assumed to be all equal;
i.e., PM0i + jQM0i = (PM0 + jQM0)/N . With this typical
sample, the quasistatic model then gives a typical number Ñs

of motors stalled. This fast computation allows combinations
of parameters that give the same number Ñs of typical stalled
motors to be obtained and plotted as a contour as shown in
Fig. 13.

Fig. 13 shows three contours in PL0-QL0 plane with Ñs

equal to 0, 5, and 10 respectively. All parameters other than
PL0 and QL0 are the same as base case. The contour for Ñs =

0.6 0.8 1.0 1.2 1.4 1.6

PL0

0.3

0.4
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0.6
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N
�

s=10
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�
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�

s=0

Fig. 13. Contours of constant Ñs (typical number of motors stalled) as PL0

and QL0 vary from the base case.
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Fig. 14. Contours of constant Ñs as PL0 and QL0 vary when Mratio = 0.8

0 corresponds to the onset of cascading in the typical sample,
This Ñs = 0 contour is related to, but not the same as, the
onset of cascading in the quasistatic model or CASCADE. The
onset of cascading in the quasistatic model corresponds to the
voltage following the initial disturbance falling to the highest
Vcr. Similarly, the onset of cascading in the CASCADE model
is d becoming positive. In the typical sample, the highest motor
critical voltage is Vmax− 1

2N (Vmax−Vmin), which in the base
case is 0.9179. The cascades start when d = Vmax−0.9179

Vmax−Vmin
=

0.005. When d = 0.005, P0 = (1− d)100 = 0.606. Therefore
the Ñs = 0 contour corresponds to P0 = 0.606.

The closer spacing of the contours in Fig. 13 for higher
real power load and lower reactive load indicates that the
cascading process progresses from no stall to many motors
stalled more quickly when the real load is increased. For
example, this applies when reactive power compensation to
the load increases the real power that the load can consume.

Increasing Mratio to 0.8 and holding the other parameters
unchanged, the contours change to Fig. 14. Compared with
Fig. 13, the area inside inner contour is shrunk and the
contours are much closer at high PL0. This suggests that the
system is more stressed.

Fig. 15 gives the contours when Vmax = 0.85 while the
other parameters remain unchanged. Lower Vmax means the
motors are hard to stall, and hence the area inside inner contour
is enlarged a lot compared with Fig. 13. But lower Vmax also
means all Vcri are distributed more closely, which implies that
once motors start to stall it is easier for many of them to stall.
Therefore, the contours in Fig. 15 are very close. In the region
of large PL0, the contours of Ñs equaling to 5 and 10 are
missing, which means that for the typical sample, more than
10 motors will stall if the stalling starts.
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Fig. 15. Contours of constant Ñs as PL0 and QL0 vary when Vmax = 0.85

From above case studies, it can be seen that the information
about Ñs is quite useful. The transition of Ñs from 0 to
1 roughly corresponds to P0 ≈ 0.6. Moreover, the distance
between different Ñs contours can be used to indicate the
sensitivity of the cascading process to parameters. If this
distance is large; i.e., Ñs changes slowly when parameters
vary, then the range of the likely number of motors stalled
is smaller and can be well fitted to CASCADE model. If this
distance is small so that Ñs changes abruptly when parameters
vary, then the range of the likely number of motors stalled is
larger and is harder to fit with the CASCADE model. From
an engineering viewpoint, the former situation is preferred
because the latter implies a sudden onset of massive cascading
stall.

VII. EXTENSION TO MULTI-BUS SYSTEMS

This section discusses how methods for single load systems
could be enhanced and then applied to multibus systems. The
previous sections show the possibility of characterizing the
cascading risk due to the stall of many induction motors with
a stochastic cascading failure model with two parameters d
and p that describe the size of the initial disturbance and its
tendency to propagate.

One challenge is to understand how d and p can be derived
from measurements at a load bus, and how they can be
influenced by system operational changes such limits on the
power flows or design changes such as adding reactive power
support to the load bus. The measurements would be taken for
the more likely and frequent smaller cascades, and the purpose
would be to quantify the cascading risk at the bus so that the
infrequent but high impact large cascades could be mitigated.
It is necessary to base the approach on measurements of bulk
behavior at the load bus, because it is not feasible to get data
for or accurately model hundreds or thousands of induction
motors attached to a feeder. Although this paper initially
illustrates some qualitative effects of power flows or bus
parameters on d and p, this challenge will be fully addressed
in a companion paper that includes analytic approximations
for d and p.

Given measurements of d and p at vulnerable load buses,
one could predict the probability of cascading failure at that
bus by computing with the CASCADE model the probability
distribution of the proportion of motor load stalled. One
simple initial approach is that mitigation efforts could proceed
separately at each bus, starting with the most vulnerable load

Mj0.1
Mj0.2 j0.44

j0.088
0
2

1
3

E=1.0
G=1.8j0.05j0.05

Fig. 16. 4-bus system from [13]
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Fig. 17. PDFs of number of motors stalled Ns in 4-bus system

buses, until the risk of cascading motor stall at each bus was
reduced to acceptable levels.

To give an example of this approach, consider the 4-bus
test system2 from [13] shown in Fig. 16. Motor loads at bus
1 and 2 comprise 60% of corresponding bus loads and each
bus has 100 motors. Fig. 17 shows the PDFs of number of
stalled motors at bus 1 and bus 2. P 1

0 = 0.5695 and P 2
0 =

0.00266. The fitted dashed curves show that the PDFs of bus
1 or 2 can be fit well by the CASCADE model, and d1 =
0.006251, p1 = 0.004464 and d2 = 0.05570, p2 = 0.001545.
The probability of very large cascades of more than 30 motors
on each bus is negligible, but this is an interesting case because
the probability of 1 or 2 motors stalling is much larger at
bus 1, whereas the probability of 3 or more motors stalling is
larger at bus 2. Since the larger cascades have more impact,
it can be argued that bus 2 is the most vulnerable bus and
that we want to first mitigate the humped shape of the PDF
at bus 2. The humped shape of the PDF at bus 2 is due to
the relatively large value of d2; that is, the higher impact of
the disturbance on the initial voltage drop at bus 2. Therefore
mitigation should first seek to support the voltage at bus 2 to
reduce d2, for example by adding capacitative support at bus
2. If this mitigation is cost effective, then further mitigation
could be taken after re-evaluating the PDFs to re-evaluate the
most vulnerable bus. This sequential bus-by-bus approach is a
simple approach that does not address at each mitigation the
interactions between the buses. For example, the mitigation at
bus 2 that is designed to improve the PDF at bus 2 may also
tend to improve the PDF at bus 1. Future work could consider

2The system parameters are initial load powers satisfy P 1
L = 5P 2

L = 2.47,
initial reactive power of bus 1 and 2 are 0.44 and 0.088 respectively, system
disturbance is tripping one circuit of parallel lines between bus 0 and 2. Motor
parameters are as previously assumed except that the motors at bus 1 are 5
times larger than that of bus 2, and V 1

min = V 2
min = 0.5, V 1

max = 0.90,
V 2
max = 0.92.
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Fig. 18. PDF of number of motors stalled Ns with dynamic motor models
following a short circuit.

more sophisticated mitigations that simultaneously optimize
the PDFs at several buses.

The mitigation approach presented above uses PDFs of
number of motors stalled at each bus, but it is straightforward
to multiply the PDFs by the value of the motor loads at
each bus to obtain the distribution of cascading stall risk at
each bus. This enables risk-based consideration of both the
probability and impact of the cascades. The thrust of this
section is to indicate a plausible path by which the results
in this initial paper could be turned into a practical risk-based
design procedure to mitigate cascading stall risk.

VIII. EXAMPLE CONSIDERING MOTOR DYNAMICS

To give a brief example of a dynamic case study, we con-
sider a short circuit in the single load infinite bus system where
all motors are modeled by a standard third order dynamic
model [29]3. Fig. 18 shows the PDF of the number of motors
stalled Ns along with the fitting curve of CASCADE model.
The fault clearing time Tcl is chosen so that all motors are
marginally stable when their Vcr are typically sampled. It can
be seen that using a dynamic and more detailed motor model
does not change the good fit of the PDF with the CASCADE
model. The probability of zero motors stalling P0 is 0.6721,
which is close to the probability 0.606 estimated in section
VI. Obviously, previous studies under quasistatic assumption
can be regarded as special cases of general dynamic scenarios,
where Tcl is set to 0 artificially. Although systematic future
work is clearly required, this example suggests that our results
with quasistatic assumption can be robust to elaboration with
full dynamic process.

Furthermore, with time domain simulation the load bus
voltage V at any snapshot can be observed. Fig. 19 compares
the PDFs of Ns at steady state and V at five snapshots of time,
where all PDFs are preprocessed as documented in section
V-D. Apparently, except for the PDF of V at 40 s due to
limited samples, the PDFs are essentially similar, indicating

3The system parameters are same as in section V-A. The short circuit lowers
the infinite bus voltage E to 0.1 for a time period of Tcl = 0.130 s and then
trips one circuit of double transmission lines. Because the system is subjected
to a big disturbance, the motors are very prone to stall. To partially offset this
tendency, Vcr is assumed to be in the interval [0.5, 0.85] for all 100 motors.
The time domain dynamic simulation uses trapezoidal integration with time
step 0.005 s. To ensure all motors and the system reaching steady state, the
dynamic simulation continues until the load bus voltage V changes less than
10−6 for a continuous 3 s period.
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Fig. 19. Distributions of scaled load bus voltage V at 5 snapshots with
dynamic motor models following a short circuit.

the existence of a linkage between steady state and dynamic
process that is more complex than the linkage among different
steady state variables in section V-D.

IX. COMPARISON WITH COMPOSITE LOAD MODELING

We briefly compare our approach to modeling cascading
motors to an established approach to composite load modeling
that is the result of decades of work to reproduce system
dynamics in the WECC system [9], [19], [20]. The composite
load models in [20] include both static and dynamic models
of four types of motor. While we probabilistically quantify
the consequences of motor variability and uncertainty, [20]
chooses a credible worst case and then proceeds determin-
istically. Our modeling equivalences the rest of the grid,
whereas [20] equivalences all motors of the same type. The
equivalenced motors either stall or do not stall, so that the
intermediate outcomes of some motors stalling cannot be
represented. Table I summarizes the comparison, and it can
be seen that the two approaches are complementary and at
different stages of development.

X. CONCLUSION

We study the cascading stall and bus voltage decline of
100 motors in a simple one load power system and a 4-bus
2-load small system. The stall is initiated by a power system
fault, and some of the motor parameters are random in order
to model some of the variation and uncertainty of the motors
expected in practice. The probability distribution of the
number of motors stalled can be obtained with a quasistatic
model of the motor stall. The quasistatic model is orders
of magnitude faster than a full dynamic simulation, without
losing the accuracy of steady state of cascading stall when
assumptions are met. Some very fast insights into the effect
of parameters on cascading stall are also possible by running
a typical sample of the quasistatic model.

After the onset of possible stall, the probability of no stall
decreases exponentially as the initial bus load increases. Near
the onset of possible stall, the extent of likely cascading
is sensitive to parameters. The distribution of initial motor
power has a minor impact on the extent of cascading, and
this implies that equal initial motor powers can be assumed
without much error. The extent of cascading as determined
from distributions of cascading stall number, load bus voltage
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TABLE I
COMPARISON OF APPROACHES

probabilistic cascading stall composite dynamic load models

objective quantify chances of cascading reproduce system dynamics
analysis type probabilistic model of load variability deterministic sample of credible worst case
model detail locally interacting motors composite loads for entire grid
equivalencing rest of transmission system all machines of similar type
maturity first analysis on simple system implemented in industry

and load power have similar characteristics. This commonality
may offer guidance in future work when looking for patterns
in the statistics of observed bus measurements.

Since cascading stall is neither routinely occurring (because
of engineering to avoid this) nor non-existent, we expect that
the cases of most engineering interest are those in which
cascading stall of some of the motors sometimes happens. In
these cases, the outcome of the cascading motor stall can be fit
with the outcome of the CASCADE model, a high-level and
generic probabilistic model of cascading failure. This shows
that cascading motor stall has properties common to other
cascading processes in engineering and science, and gives
another engineering problem to which the CASCADE model
can be applied. Moreover, the simplicity of the CASCADE
model allows the motor stall to be better understood, and may
in future work suggest ways to better quantify the extent of
cascading motor stall.

APPENDIX

The induction motor parameters used in the paper are
r1 = 0.0456, x1 = 0.295, r2 = 0.02, x2 = 0.12, rm = 0.35,
xm = 3.5, α = 0.15, p = 2.0, TJ = 2.0s.
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