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Observations on the Geometry of Saddle Node
Bifurcation and Voltage Collapse in Electrical
Power Systems

eigenvector for the normal vector to the bifurcation set and suggest
how this information could be useful in monitoring and avoiding
voltage collapse.
II. VOLTAGECOLLAPSEANDGENERICSADDLENODE

Ian Dobson

BIFURCATION

AMract-Saddle
node bifurcation is a generic instability of parameterized differential equation models. We describe the bifurcation geometry and some implications for the study of voltage collapse in electric
power systems. The initial direction in state space of dynamic voltage
collapse can be calculated from a right eigenvector of a static power
system model. The normal vector to the bifurcation set in parameter
space is a simple function of a left eigenvector and is expected to be
useful in emergency cbntrol near bifurcation and computing the minimum distance to bifurcation in parameter space.

I. INTRODUCTION
The purpose of this paper is to make some observations about the
geometry of generic saddle node bifurcations and explain how the
observations are useful in modeling and calculations for voltage
collapse in electric power systems. Voltage collapse is an instability
of heavily loaded electric power systems that leads to declining
voltages and blackout. It is associated with bifurcation and reactive
power limitations of the power system. Most of the current approaches to modeling and predicting voltage collapse are represented in [l] and [2].
Power system generators reaching reactive power liniits and
discrete contingencies, such as loss of a power line, are thought to
be important in voltage collapse but they are hard to study in general
power system models because they cause changes in the form of the
equations governing the system. In this paper we consider the
simpler problem of voltage collapse when generator limitations do
not change and system parameters vary slowly .(rather than discretely) to cause saddle node bifurcation and the subsequent voltage
collapse. (Note that these assumptions may apply after a discrete
contingency.) A natural afld general power system model under
these assumptions is a set of differential equations with slowly
varying parameters, and very general conclusions [3] about the
structure of voltage collapse: may be made by exploiting generic
bifurcation theory [4].
One of the difficulties in applying bifurcation theory t6 power
systems is that the power system equations have multidimensional
state and parameter vectors so that the bifurcation geometry is
multidimensional. A description of this multidimensional geometry
for the saddle node bifurcation follows readily from known results
in generic bifurcation theory [4]-[7] and has useful consequences
for modeling voltage collapse and calculating the proximity to
voltage collapse. One of the more striking consequences is that the
direction of the initial dynamic collapse may be studied using a
static model of the power system. Much of the paper describes the
bifurcation geometry in state space and particularly the engineering
implications of right and left eigenvectors associated with the bifurcation. Also useful is the geometry in parameter space of the
bifurcation set, which is the set of critical parameters corresponding
to bifurcations. We derive a simple formula depending on a left
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We model the power system as differential
vector h of slowly varying parameters:

i = f(x,

X), XER”,

XeRm.

equations with a

(1)

X is a state vector that includes bus voltage magnitudes and angles.
X is typically a vector of real and reactive load powers. The load
powers vary with time so that X is a function of time t and (1) may
be regarded as differential equations parameterized by the single
parameter t :
i =f(x,

A(t)),

xER”;tsR.

(2)

Voltage collapse is associated with saddle node bifurcation of (1)
or (2). We now sketch results from [3] based on Sotomayor’s
generic bifurcation theory [4], which give simple models for voltage
collapse before and after the saddle node bifurcation. Dynamical
systems terminology in the sequel is explained in [3] and [8]. We
assume that (2) is in Sotomayor’s class of generic one-parameter
systems and exploit his results about the structure of saddle node
bifurcations in these systems. The genericity implies that the saddle
node bifurcations are robust (also see [9]) and expected to occur in
practice. We use the saddle node bifurcation to model voltage
coliapse because the only other bifurcation generic in one-parameter
families of systems is the Hopf bifurcation, which leads to an
oscillatory instability as opposed to the monotonic decrease observed in voltage collapse,
Before bifurcation, the system has a stable equilibrium x,, and all
the eigenvalues of the Jacobian D,f( x0, X) have negative real
parts. As the parameter h slowly varies, the stable eqtiilibrium x0
varies and the system state x tracks x0 so that x0 is also the system
operating point. Thus a static (or quasistatic) model 0 = f(x, A) is
used before the bifurcation. The saddle node bifurcation consists of
the stable equilibrium x0 coalescing with a nearby unstable type one
equilibrium x1 and disappearing, causing the system to lose stability. We write xl; = x(t*) for the critical value of the parameter
vector at bifurcation and x* for the corresponding equilibrium
formed by x0 and x, coalescing. The Jacobian D,f(x*,
&) is
singular and has a unique simple zero eigenvalue with a corresponding right eigenvector u* so that D,f(x*,
&)u* = 0. At bifurcation, x* is unstable and the system dynamics may be approximated
by the system state moving along the particular trajectory Wf ,
which is the unstable part of the center manifold of x*. If Wf
points in a direction in state space so that voltage magnitudes
decrease as the system state moves along WS, then we identify
voltage collapse with the movement along Wt. This is the center
manifold model for the dynamics of voltage collapse [3]. See [3] for
a detailed explanation and an example.
III. RIGHTEIGENVECTOR u*
The right eigenvector u* is tangent to Ws at x* so that u*
defines the direction in state space of the initial dynamics of voltage
collapse. Any of the state variables can “collapse” as the system
dynamics move in the direction u*, and the extent to which a
variable collapses is given by the relative magnitude of the corresponding component of u* [3]. The buses at which voltage magni-
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tudes will fall most quickly have the largest components of II*.
Indeed, the components of u* that are negative and of sufficient
absolute magnitude can be used to identify a group of buses at which
the collapse is most severe [lo], [ 111.
As well as defining the direction of the initial dynamics at
bifurcation, u* has a useful interpretation in the static model 0 =
f(x, X). As the bifurcation occurs, the equilibria xc and x1 coalesce and u* is the asymptotic direction in which x,, and xi
approach one another. For a proof, study the Liapunov-Schmidt
reduction [5], [6], [ 121, which completely solves the local geometry
of 0 = f(x, h) near (x*, &).
When a saddle node bifurcation is close (X near xc), x, is near
xc,, and D, f ( x,, , X) has a unique, simple negative eigenvalue p of
smallest absolute magnitude with a corresponding right eigenvector
v. p -+ 0 and v -B v* as X + &. Since v is a continuous function of
X for X near &, u lies approximately along the line joining xc and
xi when the system is close to bifurcation. Thus given x,,, the best
estimate for the direction in which to find x, is given by u or - v.
This is useful because one can choose initial conditions for the
numerical calculation of x, along the line through x0 in the
direction v.
IV. STUDWNG INITIAL VOLTAGECOLLAPSEDYNAMKSW~HA
Consider the relationship between the static model (3) and the
dynamic model (4):

2 =f(x,

(3)

A) = ++,

A>)

(4)

where h(0) = 0. Then solutions of (3) are equilibria of (4), and
bifurcation of solutions of (3) at (x,, &) implies bifurcation of
equilibria of (4) at (x,, &). Moreover, they have the same right
eigenvector u* because D,gv* = 0 implies that D,f v* =
DhD,g v* = 0. (If the Jacobian Dh is globally invertible and
h(x) = 0 iff x = 0, then aN saddle-node bifurcations of (4) are
also saddle-node bifurcations of (3).)
Thus studying bifurcations of (3) also studies bifurcations of a
whole class of dynamic models (4) whose steady-state behavior is
(3). If we assume the center manifold model for collapse at bifurcation, then v* gives the initial direction of the dynamic collapse.
Thus we can calculate u* and the initial collapse direction from the
static model (3) when we are given only the general form, and not
the particular details, of (4). The rate of the collapse (slow then fast)
is known qualitatively from [3].
Now we show how these ideas apply to a basic power system
model. Let y be a vector of load bus voltage angles and magnitudes
and let 6, be a vector of generator voltage angles. Then a static
model (load flow equations) is
0 = g,(b,

u)

0 = g,(L-9

Y, A)

(5)

where g, describes real power balance at the generators and g,
describes real and reactive power balance at the loads. The parameter vector X represents change in load power demands.
A dynamic model that extends (5) by including generator swing
dynamics and load dynamics is
d, = w
ci = g,(6,,
I = h,(g,(&

Here, h, defines any dynamic load model that depends on the real
and reactive power balance at each load and frequency w (see [3]
and [13] for examples). Little is known about such load dynamics,
and a convincing function h, is hard to obtain. (We do not consider
the models of the more general form jl = h,(g,(S,, y, A), w, y).)
The Jacobians of (5) and (6) are

The form of the Jacobians shows that when the static model (5)
bifurcates at (6,*, y,, &) with L@:”= (Sg, y’), the dynamic model
(6) bifurcates at (6,*, 0, y*, &) with v*dyn = (Sg , 0, y’). Since vzy”
defines the initial collapse direction and viy” is immediately obtainable from u?+?, the initial collapse direction may be immediately
deduced from the static model (5). The useful point is that the initial
collapse direction does not depend on the details of the load
dynamics in h, and we can use the simpler static model (5) to study
the bifurcation of the dynamic model (6) and its initial collapse
direction.
V. LEFTEIGENWCTOR W*INSTATESPACE

STATICMODEL

0 = g(x9 A>
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At the bifurcation, the Jacobian D, f( x*, &) of (1) has a unique
simple zero eigenvalue with corresponding left eigenvector W* so
that w*D,f(x*,
&J = 0. (Note that w* is a row vector.)
D, f (x*, &) has n - 1 eigenvalues with negative real parts and the
right generalized eigenvectors corresponding to these eigenvalues
span a hyperplane TWS(x*) through x* in the state space R”. w*
may be interpreted geometrically as the normal vector to 7’WS( x*).
(To demonstrate this we need to show that w*v = 0 for each of the
right generalized eigenvectors v with nonzero eigenvalue. If the
eigenvalue corresponding to the eigenvector v is 11# 0, then this
follows from 0 = w*D,f(x*,
&)v = nw*v. If v is a generalized
eigenvector of order k, use the more elaborate formula 0 =
w*(D,f(x*,
&) - t11)~u = (- l)knk~,
v.) It follows that w* is
the normal vector to the stable manifold W”(x,),
which is an
invariant hypersurface passing through x* whose tangent hyperplane at xb is TWS(x,).
Near bifurcation, the Jacobian D, f ( x0, X) has a negative eigenvalue ~1 of smallest absolute magnitude. Section III explained how
the right eigenvector v corresponding to p approximates the direction from x0 to xi. Now we similarly interpret the left eigenvector
w of D,f ( x0, X) corresponding to p. The part of the stability
boundary (basin boundary) closest to x0 is W”(x,),
the stable
manifold of xi. W”(x,) is a hypersurface since x, is type one and
D, f( x,, X) has exactly one positive eigenvalue p,. The normal
vector to W”(x,) at x,, and to its tangent plane TWS( x,) at x,, is
the left eigenvector w, corresponding to 1,. As X + &, ~1 and
p, -+ 0 and w and w, -+ w*. Thus near bifurcation w approximates
w,. If we approximate W”(x,) near x1 by TWS(x,), then the
direction of the shortest line segment from x0 to W”(x,)
is
approximated by w,. Hence w approximates the direction of the
shortest line segment joining x0 to the stability boundary. This
direction is that of the smallest perturbation in the state vector x
from x0 that can destabilize the system. The approximation of this
direction could be improved by calculating x,, D,f( x,, A), and
WI.
VI. THENORMALVECTORTOTHEBIFURCATIONSETIN

J’) - Au
Y, A>, u).

(6)

PARAMETERSPACE

The saddle node bifurcation set C in parameter space R” is the
set of X that yields a saddle node bifurcation of (1). If xl; E E yields

242

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS-I:

FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 39, NO. 3, MARCH 1992

one of the generically occurring saddle nodes, then Lemma 1 below
shows that Z: is a smooth hypersurface near & and that the normal
vector to Z at & is w*D, f (x*, &). The calculation of Dhf( x*, &J
is particularly straightforward for power system models parameterized by load powers because the load powers X appear linearly so
that f( X, X) = g(x) + LX, where L is an n x m constant matrix.
Then D,f = L and the normal vector to X is simply w* L. The
normal vector to C is useful for monitoring and controlling the
power system because it defines the most critical direction in
parameter space for causing or avoiding the bifurcation. Before
presenting Lemma 1, we outline two applications.
1) (Emergency load shedding at or near bifurcation.) At bifurcation w*L defines the normal vector to C and the direction in
parameter space in which it is most effective to move in order to
avoid the bifurcation. Thus the loads that it is most effective to shed
correspond to the larger entries in the vector w*L. Shedding loads
corresponding to the smaller entries tends to move h in a direction
more parallel to C rather than away from X. See [14] for an
example and the generalization to avoiding the bifurcation by varying parameters other than load powers.
2) (Estimation of minimum distance to bifurcation in parameter
space.) Both the continuation and direct calculation methods of
finding the bifurcation point (x*, &) require some assumption on
how the load parameters h will vary with time (e.g., [ll],
[ 15]-[ 171). These methods work by assuming a particular curve
x(t) in parameter space and then calculating where the curve
intersects C and the bifurcation occurs. It is often sensible to assume
a particular pattern of load increase to define the curve and measure
the distance to bifurcation along the curve. However, it is also
useful to estimate the line segment X, & in parameter space with the
minimum distance to C [18]-1231. This line segment has endpoints
& (current operating X) and & (nearest point on X to b). The
direction of &,,)\r is the worst case parameter variation for causing
bifurcation and 1 X, - X, 1 is the minimum distance to bifurcation.
The key point is that && is normal to B so that w* L at X, is
parallel to &&; algorithms that estimate ] & - X, ] will explicitly
or implicitly use this parallelism [21]-[23]. Initial estimates of X,
and I X, - X, I for these algorithms can be obtained as follows. We
calculate the left eigenvector w of DXf(x,,, &,). If the system is
close to bifurcation, then w approximates w* and WL approximates
the direction of &,& so that an estimate X;, of & may be calculated
by increasing X from X, in the direction WL until bifurcation at X;;.
The approximate minimum distance to bifurcation is then I X;; & I. We also note the possibility of improving this estimate as
follows. The left eigenvector w& of D,f(x$,
X;;) can be computed
from D,f( x&, &) or obtained as a by-product of the calculation of
X;; by the methods of [l l] and [16]. A new estimate X;: of X, may be
calculated by increasing X from X, in the direction w&L until
bifurcation at x, yielding a new approximate minimum distance
I X;: - X, I. Further iterations of this procedure yield a method of
computing X, and I & - h, I as described and exemplified in [22].
See [21] and [23] for other algorithms, theory, and examples.

where u is a smooth function u: S -+ R”. For any & ES we have
f(x&, &) = 0 where x& = u(y). Let dX;, be an arbitrary infinitesimal displacement of X;, in S (i.e., any one-form in T*Sx). Then
D,fdx;
+ D,fd&. = 0 and w*Dhfd&
= -w*D,f&&
= 0.
0
Since d& is arbitrary, w,D,f
is the normal vector to S at &.
Lemma 1 generalizes a result for symmetric Jacobians in [7] and
can also be deduced from [5, 6.2, theorem 2.11. Note that the
transversality conditions assumed in Lemma 1 are satisfied by the
saddle node bifurcations occurring in Sotomayor’s generic class of
one-parameter systems [4] and hence the saddle node bifurcations
considered in this paper. Lemma 1 gives a geometric interpretation
in parameter space of the quantity appearing in the first of the two
transversality conditions. Kwatny et al. [6] propose determining
critical collapse parameters by calculating y: U + R so that y - ‘(0)
= S. (y(h) is the first term of the Taylor expansion of +(a, 1) with
respect to a where +(a, X) is the Lyapunov-Schmidt reduction of
f(x, X) = 0.) Kwatny’s method may be related to Lemma 1 by
noting that w,D,f(x,,
h) = D,$(a,, b) = Dhy(xL).
VII. CONCLUSIONS
We describe the multidimensional geometry of generically occuring saddle node bifurcations and some implications for the study of
voltage collapse in electric power systems. Our observations are
general and should be useful in studying generic instabilities of
other systems modeled by parameterized differential equations.
At the bifurcation a particular right eigenvector a* is both the
initial direction of the dynamic collapse and the asymptotic direction
in which the closest unstable equilibrium x, approaches the stable
operating point xc. If a general form for the load dynamics is
assumed, then v* is calculable from static power system models and
these models are sufficient to estimate the initial direction of the
dynamic collapse. In particular, this direction is independent of the
details of the load dynamics. Near the bifurcation, particular right
and left eigenvectors u and w can be calculated from the Jacobian at
x0. u approximates the direction from xc to x, and w approximates the closest direction to the stability boundary.
In parameter space, w* DAf is the normal vector to the bifurcation set. w* is a particular left eigenvector of the Jacobian at
bifurcation and DAf is a constant matrix for typical power system
models parameterized by load powers. The normal vector to the
bifurcation set is expected to be useful in emergency control near
bifurcation and computing the minimum distance to bifurcation in
parameter space.
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Lemma 1: Suppose (1) has a saddle node bifurcation at (x*, &)
with D, f( x*, &) having a unique simple zero eigenvalue with
corresponding right and left eigenvectors u*, w* and satisfying the
transversal&y conditions w*D,f(x*,
&) # 0 and w,D,,f
(x*, &)( u*, u*) # 0. Write C for the bifurcation set of (1). Then
there is an open set U 3 & such that S = C 0 U is a smooth
hypersurface and the normal vector to S at & is w* D, f (x*, &J.

PI

Proof: The assumptions imply (see [4, 3.11 or [5, 6.21) that
there is an open set U 3 & such that S is a smooth hypersurface and
that the bifurcating equilibria near (x*, xl;) are given by (u(y), &)

151

131
r41

t61

REFERENCES
L. H. Fink, ed., “Proceedings: Bulk power system voltage phenomena-voltage stability and security,” EPRI Rep. EL-6183, Jan. 1989.
-,
“Proceedings: Bulk power system voltage phenomena, voltage
stabilitv and security,” ECC/NSF Workshop. Fairfax, VA: Ecc,
Inc., Aug. 1991. I. Dobson and H.-D. Chiang, “Towards a theory of voltage collapse
in electric power systems,” Systems and Control Letters, vol. 13,
pp. 253-262, 1989.
J. Sotomayor, “Generic bifurcations of dynamic systems,” in Dynamical Systems, M. M. Peixoto, Ed. New York: Academic Press,
1973.
S. N. Chow and J. Hale, Methods of Bifurcation Theory. New
York: Springer-Verlag, 1982.
H. G. Kwatny, A. K. Pasrija, and L. Y. Bahar, “Static bifurcations
in electric power networks: Loss of steady-state stability and voltage

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS-I:

FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 39, NO. 3, MARCH I992

collapse,” IEEE Trans. Circuits Syst., vol. CAS-33, pp. 981-991,
Oct. 1986.
[71 A. Araposthasis, S. Sastry, and P. Varaiya, “Analysis of power-flow
equation,” Electrical Power & Energy Syst., vol. 3, pp. 115-126,
July 1981.
PI J. Guckenheimer and P. Holmes, Nonlinear Oscillations, DynamicaI Systems and Bifurcations of Vector Fields. New York:
Springer-Verlag, 1986.
191 L. Fekib-Abmed and H.-D. Chiang, “Analysis of system dynamics
after saddle-node bifurcation for general nonlinear systems with unmodelled dynamics, ” in Proc. IEEE ISCAS, pp. 1831-1834, May
1990.
rw T. J. Overbye and C. L. DeMarco, “Improved techniques for power
system voltage stability assessment using energy methods,” IEEE
Trans. Power Syst., vol. 6, pp. 1446-1452, Nov. 1991.
[ill T. Van Cutsem, “A method to compute reactive power margins with
respect to voltage collapse,” IEEE-Trans. Pow& Syst., v& 6, pp.

145-156, Feb. 1991.
M. Golubitsky and D. G. Schaeffer, Singularities and Groups in
Bifurcation Theory, Vol. 1. New York: Springer-Verlag, 1985.
1131 K. Jimma, A. Tomac, K. Vu and C.-C. Liu, “A study of dynamic
load models for voltage collapse analysis,” in [2].
u41 I. Dobson and L. Lu, “Computing an optimum direction in control
space to avoid saddle node bifurcation and voltage collapse in electric
power systems,” in [2]; also to appear in IEEE Trans. Automat.

WI

Contr., Oct. 1992.
1151 R. Seydel, From Equilibrium to Chaos; Practical Bifurcation and
Stability Analysis. New York: Elsevier, 1988.
1161 F. L. Alvarado and T. H. Jung, “Direct detection of voltage collapse
dynamics,” in [l].
1171 K. lba, H. Suzuki, M. Egawa, and T. Watanabe, “Calculation of
critical loading condition with nose curve using homotopy continuation method,” IEEE Trans. Power Syst., vol. 6, pp. 584-593, May
1991.
1181 J. Jajis and F. D. Galiana, “Quantitative analysis of steady state
stability in power networks,” IEEE Trans. Power Apparatus- Syst.,
vol. PAS-100, pp. 318-326. Jan. 1981.
1191 Y. Sekine, A. Yokohama, and T. Kumano, “A method for detecting a
critical state of voltage collapse,” in [ 11.
1201 T. H. Jung, K. J. Kim, and F. L. Alvarado, “A marginal analysis of
tbe voltage stability with load variations,” presented at Power Systems Computation Conference, Graz, Austria, Aug. 1990.
1211 I. Dobson, L. Lu, and Y. Hu, “A direct method for computing a
closest saddle node bifurcation in the load power parameter space of
an electric power system, ” in Proc. ISCAS, pp. 3019-3022, June
1991.
LQI I. Dobson and L. Lu, “Using an iterative method to compute a closest
saddle node bifurcation in the load power parameter space of an
electric power system,” in [2].
r231 I. Dobson, “Computing a closest bifurcation instability in multidimensional parameter space,” Rep. ECE-91-4, ECE Dept., Univ.
Wisconsin, Madison, WI, Apr. 1991.

243

f, = l/T,
T is the period of the periodically switched network), then
the impulse response approach yields exactly the system’s frequency
response.
I. IN~-R~DU~TI~N

Several methods have been described for the analysis of linear
circuits containing periodically operated switches [l], [2]. However,
the approach used in these methods depends heavily on matrix
manipulations as they require matrix inversion as well as exponentiation, for every computed frequency point. In [3], an alternate
approach based upon the computation of the conversion function has
been described for networks containing ideal switches with zero
switching instant. However, in the case of networks employing
lossy switches, as well as in the case of multistage coupling networks separated by switches with different clock rates, no solution
is known. Quite recently [4], a novel time-domain based approach
has been described for the analysis and design of multirate digital
systems. It has been concluded that this approach is far more
efficient than the standard frequency-domain analysis. In this paper,
we extend this approach to the analysis and design of linear networks containing periodically operated switches. The main feature
of this new approach is that it avoids involved matrix operations,
especially matrix inversion at every frequency point. The only
limitation of this method is that it yields almost the exact response
up to half the sampling frequency.
II. EXACT ANALYSIS OF NETWORKS WITH PERIODICALLY
OPERATED SWITCHES

Consider a periodically switched linear network, in which the
switches change states with a period T s. In [l], an exact analysis is
given for the case where the period T is divided into only two
phases. For the general case where T is broken into N phases, a
similar approach can be followed. That is, during the kth phase and
assuming that the switching at the slot boundaries is infinitely fast,
the circuit behavior can be described by the following state equations:

it&t)
Y,,k(t)

= A,X,J&)

+ B@(t),

k = 1 -+N

= C,&,(t)

+ Dku(t),

nT+

a,-,

< t < nT+

a,

(1)
where
k

Time-Domain Analysis of Switched Networks
Containing Periodically Operated Switches
M. F. Fahmy, A. El-Wardaney, and K. M. Shaaban
Abstract-A simple approach for the analysis of linear systems containing periodically operated switches is described. It is based on computing the system’s impulse response. Then, this impulse response series
is reduced into a rational function form that makes the evaluation of its
frequency spectrum quite easy. Illustrative examples are given and show
that, as long as the incoming bandwidth is less than f,/2 (where

Uk =

rj

j=l

and rj is the width of the jth phase, with the understanding that
a, = 0 and a,., = T. X,,, k(t), Y,, k(t), and u(t) are the state,
output, and input signal vectors, respectively. A f, B,, C,, and D,
are constant real matrices. The determination of A k, B, , C, , and
D, matrices for a given circuit configuration can be carried out
using the two-graph modified nodal analysis described in [2]. At the
switching instants t = nT + a,, the state vectors are related by
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Fo = 6,
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