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Logarithmic Resilience Risk Metrics That Address the
Huge Variations in Blackout Cost

Arslan Ahmad , Graduate Student Member, IEEE, and Ian Dobson , Life Fellow, IEEE

Abstract—Resilience risk metrics must address the customer cost
of the largest blackouts of greatest impact. However, there are huge
variations in blackout cost in observed distribution utility data that
make it impractical to properly estimate the mean large blackout
cost and the corresponding risk. These problems are caused by
the heavy tail observed in the distribution of customer costs. To
solve these problems, we propose resilience metrics that describe
large blackout risk using the mean of the logarithm of the cost
of large-cost blackouts, the slope index of the heavy tail, and the
frequency of large-cost blackouts.

Index Terms—Resilience metric, power distribution reliability.

I. EVENTS, COST, AND METRICS

FOR a resilience analysis, we extract from historical outage
data recorded by utilities events in which outages bunch up

and overlap [1], [2]. Alternatively, the events could be simulated
with power system models [3]. The events we observe range in
size from isolated single outages to large events with hundreds of
outages caused by extreme weather. The customer costs for each
event can be estimated based on factors such as the customer
hours without power and the types of customers. Let ncustomer

be the number of customers served in a distribution system. Then
the cost of the ith event in the distribution system normalized
by the number of customers served is

ci =
customer cost for event i

ncustomer
(1)

Suppose there are n events with normalized costs1

Call = {c1, c2, . . . , cn}. (2)

For a resilience analysis we are most interested in events with
large cost, so we set a threshold clarge and define the costs of the
nlarge large cost events as

Clarge = {costs c in Call such that c ≥ clarge} (3)
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1Customer costs are assumed positive by neglecting events with zero cost.

If the number of years of outage data isnyear, the average annual
rate of events with positive customer cost is Erate = n/nyear.
Then we easily obtain empirical estimates of the probability
plarge of large cost events and its associated annual rate flarge
and recurrence interval RIlarge:

plarge =
nlarge

n
; flarge = plarge Erate; RIlarge = f−1

large (4)

For this letter we choose clarge so that plarge = 0.1 or so that
plarge = 0.05. The choice of clarge is discussed at the end of
section III. clarge is kept fixed once chosen to allow comparisons
of large event risk over time.

Now we quantify the risk of large cost events. The risk of large
events is sometimes defined as the probability of a large event
multiplied by the mean cost of large events. However, the large
event costs vary over several orders of magnitude. To address
this, and to avoid the severe difficulties caused by attempting
to estimate the mean cost that are discussed in Section III, we
instead transform the large cost data by applying a logarithm
before taking the mean. That is, we define the Average Log
Event Cost metric ALEC for large cost events as

ALEC =
1

nlarge

∑
c∈Clarge

log10 c (5)

The use of the logarithm to base ten shows that ALEC indicates
the mean order of magnitude of the large event costs. For
example,ALEC = 2 indicates costs of mean order of magnitude
2, or 102. Note that 10ALEC is the geometric mean of the large
event costs.

We also define the Annual Log Cost Resilience Index ALCRI
for large cost events, which usefully combines frequency and
ALEC, as

ALCRI =
1

nyear

∑
c∈Clarge

log10 c = flarge ALEC (6)

It is well-known in reliability that there is huge variability in
blackout sizes and correspondingly large variations in the SAIDI
reliability metric if extreme events are included. Indeed, the
distribution of daily SAIDI typically follows a heavy-tailed
lognormal distribution, and major event days are defined and
often excluded from the calculations if their daily SAIDI is in
the tail of the distribution [9]. Instead of excluding the tail events
as needed for consistent year-to-year estimates of reliability, here
we address resilience by characterizing the tail of the distribution
of event cost with metrics.
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TABLE I
UTILITY DATA AND METRICS

The Area Index of Resilience AIR metric [10] also averages
the logarithm of customer hours to reduce its variability, and
Carreras [11] discusses the corresponding heavy tail problem
for blackout sizes in transmission systems. In fields other than
power system resilience engineering, it is usual to fit the statistics
of extreme events with heavy-tailed distributions and to estimate
the tail index α with Hill estimators [6], [7], [8].

II. UTILITY DATA PROCESSING

We process the outage data of five different Northeastern and
Midwestern US utilities. The outage data includes the start time,
end time, and number of customers affected by each outage.
Only the unplanned distribution system outages are selected
from the data and analyzed. Outage events are extracted from
the outage data after data cleaning (details in [4]), and the cost of
each event is calculated by multiplying the total customer hours
lost in that event by a factor k, where k is the average cost per
customer per hour. k accounts for the widely varying costs of
residential, commercial, and industrial loads by assuming that
each event has the proportion of these loads outaged that is the
same as the proportion of these loads in the entire system [4].
Table I gives data and metrics for each utility. We gratefully
acknowledge Muscatine Power and Water for generously pro-
viding the Utility-2 outage data.

III. RISK AND CONSEQUENCES OF HEAVY TAILS

Risk associates probabilities with costs of events [5], and
can be described by a probability distribution as a cost ex-
ceedance function FC(c) = P[C > c], which is the probability
of the event cost C exceeding the value c as c varies.2 Fig. 1
shows the exceedance function FC of per-event customer cost
for Utility-3 on a log-log plot. Fig. 1 shows an approximate
straight-line behavior of slope magnitudeα = 0.75 in the tail for
c ≥ clarge = 2.4. That is, the tail in Fig. 1 has the approximate

2The cost exceedance function is also known as the survival function or
complementary cumulative distribution function (CCDF) or risk curve.

Fig. 1. Exceedance curve of normalized customer cost from utility data of
Utility-3, along with fitted Pareto distribution.

Fig. 2. Exceedance curves of normalized customer cost for utilities 1, 2, 4, 5.

power-law behavior3 described by a Pareto distribution P with
minimum value clarge and tail slope index α:

FP (c) = (c/clarge)
−α, c ≥ clarge (7)

Formally testing the tails for all five utilities indicates that linear
approximations to the tails on the log-log plots are reasonable.4

Fig. 2 shows the empirical exceedance curves for utilities 1, 2,
4, 5.

If α ≤ 1, the mean of Pareto distribution (7) is infinite. If
1 < α ≤ 2, the mean is (α clarge)/(α− 1), but the standard
deviation is infinite. The relative standard error of an estimate of
the mean with M samples is infinite for α ≤ 2. This means that
even when 1 < α ≤ 2, the mean large blackout cost is hard to
accurately estimate. Table I shows that α < 2 for all the utilities
analyzed in this letter.

In contrast, the logarithm of the data in the Pareto tail log10 P
for c ≥ clarge has a shifted-exponential distribution with rate

3To verify the straight-line behavior on the log-log plot, take the log of (7) to
obtain log F̄ (c) = −α log c+ α log clarge.

4The plausibility of a Pareto (straight-line) tail is not rejected for utilities 1,
2, and 5 at p = 0.1, using Clauset’s goodness-of-fit test [6], and the plausibility
of a truncated lognormal fit is not rejected at p=0.1 for utilities 1, 2, 3, and
4. The truncated lognormal fit is quadratic, but with a large enough standard
deviation parameter σ so that the quadratic coefficient −1/(2σ2) is small [7,
section 1.2.3] and the linear approximation is acceptable. A null hypothesis
H0 of Pareto fit above clarge is not rejected at p = 0.1 for utilities 1, 2, 5,
and H0 of truncated lognormal fit above clarge is not rejected at p = 0.1 for
all utilities. A likelihood ratio test between Pareto and lognormal above clarge
shows insufficient evidence to prefer one over the other at p = 0.1.
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parameter α ln10 and shift parameter log10 clarge:

F exp(x) = e−(α ln10)(x−log10 clarge), x ≥ log10 clarge (8)

If the cost data follows the Pareto tail (7) for c ≥ clarge,
then ALEC = log10 clarge + (α ln10)−1 is the mean of the log
transformed data (8). The relative standard error of an esti-
mate of ALEC with M samples is then RSEALEC = [(1 +
α ln clarge)

√
M ]−1. While the heavy Pareto tail (7) has an infinite

mean, the mean (ALEC) of the log-transformed tail (8) follows
the usual statistics of light-tailed distributions for all values of
α > 0.

The tail index α is the absolute slope of the tail above clarge
on the log-log plot of the exceedance curve, so that α describes
a linear trend for the observed risk5. α can be estimated using
the maximum likelihood Hill estimator [7], [8], and related to
ALEC according to:

α =

⎡
⎣ 1

nlarge

∑
c∈Clarge

ln
c

clarge

⎤
⎦
−1

=
(ln10)−1

ALEC− log10clarge
(9)

The probability plarge and the absolute slopeα describe the large
cost portion of the exceedance curve [4], so this is also the case
for plarge and ALEC. That is, plarge and α describe the trend for
the large blackouts, and reducing plarge or ALEC improves this
trend and reduces the risk of blackouts. If the large blackout cost
trend in Fig. 1 is quite reasonably extrapolated linearly beyond
the maximum observed cost (as explained in the next section),
then reducing plarge or ALEC also reduces the risk of large
blackouts beyond the largest observed.

Now we discuss choosing the clarge threshold for large cost
events. First, clarge should be chosen in the approximately linear
upper region of the log-log plot of the exceedance curve. The
linear region can be determined by c ≥ cmin, where cmin is
estimated using Clauset’s method [6]. Second, there is a tradeoff:
a smaller clarge includes more large event data, giving a less
variable estimate of α and ALEC, whereas a larger clarge better
describes the trend indicated by the very largest cost events,
especially if there could be some change in slope for the very
largest cost events. For this letter, we choose clarge correspond-
ing to plarge = 0.1 or 0.05 with the result that clarge is above but
near cmin to minimize the variability of the estimates of α and
ALEC. Determining a suitable value of clarge, or, more precisely,
the percentile corresponding to clarge, is a well-known delicate
issue in estimating α with the Hill estimator (9) [7], [8].

IV. EXTRAPOLATING TO LARGEST POSSIBLE COST

We extrapolate the slope of the exceedance curve beyond the
maximum observed cost cmaxobs so that the likely performance
of the metrics can be evaluated while including the unobserved
future blackouts of highest risk. The extrapolation of the trend
is somewhat uncertain, but the extrapolation nevertheless seems
more reasonable than ignoring the even more extreme events
indicated by the observed trend—it seems unlikely that the

5A larger absolute slope α reduces large blackouts. α does not depend on the
multiplicative scaling of the costs or k or ncustomers.

largest cost blackout has already been observed in the data. On
the other hand, in (7) the cost has no upper bound, and that is
also unrealistic. This section considers two ways to extrapolate
the observed data up to a maximum possible blackout cost.

There is some uncertainty about the maximum possible black-
out cost. To obtain a rough estimate, we suppose that the max-
imum possible blackout cost cmax = 744 k corresponds to the
customer cost of a total blackout lasting one month.

To extrapolate the exceedance curve tail beyond cmaxobs, we
fit two different distributions to the observed costs exceeding
clarge. Both distributions have large but finite mean and variance.
A variant Pb of the Pareto distribution (7) with upper bound
cmax is given by FPb

(c) = (c−α − c−α
max)/(c

−α
large − c−α

max) for
clarge < c ≤ cmax. A bounded variant LNb of the lognormal
distribution conditions the standard lognormal distribution to
have clarge < c ≤ cmax. We calculate the relative standard error
of estimates of the mean of Pb and LNb with M samples as RSE
= (standard deviation)/((mean)

√
M ).

We also extrapolate to estimate the variability of ALEC:
Assuming the Pareto tail (7), which extrapolates beyond cmaxobs,
ALEC is the mean of (8), and we calculate the relative standard
error of estimates of ALEC, RSEALEC, using (8).6

V. RESULTS

Table I shows all the results. The empirical customer cost
exceedance curves have an approximately linear trend for the
larger cost events on a log-log plot. In particular, utilities 1,
2, 4 have very heavy tails of absolute slope α < 1, utility 3
has α ≈ 1, and utility 5 has a heavy tail with 1 < α < 2. These
heavy tails indicate that large cost events show high risk and great
variability, and that there is no typical large cost event. The less
severe and more resilient case of utility 5 can likely be attributed
to it being primarily urban. ALEC and the associated slope index
α can be practically estimated with reasonable variability, as
shown by their 95% confidence intervals CIALEC and CIα for
events observed over periods from 6 to 17 years.

However, there are severe difficulties in estimating the mean
costs of the large events without taking the logarithm. We extrap-
olated the exceedance curve beyond the maximum observed cost
in two ways (Pb andLNb) to a maximum possible blackout. This
gives large, finite means, but with high variability in estimates of
the means: The relative standard errors RSEPb and RSELNb are
at least an order of magnitude larger than RSEALEC for utilities
1, 2, 3, 4, and at least 5 times larger than RSEALEC for utility
5. Therefore, utilities 1, 2, 3, 4 require at least two orders of
magnitude more observed events to achieve the same variability
of estimates of the mean as ALEC, showing that estimating
the means of the untransformed data with reasonable accuracy
requires impractically large amounts of data. Utility 5 requires
an order of magnitude more observed events.

VI. CONCLUSION

We quantify risk with a customer cost exceedance curve for
five distribution utilities by processing their detailed outage

6Upper bounding (8) with cmax makes no practical difference.
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data into events and assuming that the event customer cost is
proportional to the customer hours lost. The empirical customer
cost exceedance curves have heavy tails, implying that the
risk of large-cost events is very high despite their rarity. It is
impractical to estimate the mean cost of large events for our
utility data, because the available amount of data is insufficient
to get a workable estimate of the mean. Moreover, there is no
representative or typical large-cost event. These conclusions
imply that the usual practices of computing metrics involving
or optimizing means for extreme event risk can be invalid. For
example, Value at Risk remains valid [3], but Conditional Value
at Risk, which involves taking a mean value, cannot be applied.
While we are optimistic that the heavy tails will be observed
more universally so that these conclusions apply more broadly,
the heaviness of the tails in the data of other utilities must be
individually checked.

However, we do suggest metrics that can describe the extreme
event risk by characterizing the tail of the cost exceedance curve
with the probability plarge of exceeding a large event cost and
either the Average Log Event Cost ALEC metric or the slope
index α. α can be calculated with a Hill estimator, and ALEC is
directly related to α. plarge can also be converted to the annual
frequency of large cost events flarge, and flarge can be multiplied
by ALEC to yield the Annual Log Cost Resilience Index ALCRI.
These metrics should be used instead of relying on mean values
of extreme event cost to get practical and meaningful results.
ALEC is easy to explain and calculate: take the average of the
logarithms of the costs of the large cost events. Similarly, ALCRI
is an annual sum of the logarithms of the costs of the large cost
events. ALEC and ALCRI work since taking the logarithm of
heavy-tailed data gives light-tailed data to which the usual mean
calculations apply.

Heavy tails and high variability are traditionally acknowl-
edged in distribution systems when calculating reliability met-
rics by excluding the heavy tails using major event days. How-
ever, there is an increasing need for metrics to quantify the risk
of extreme weather events in the heavy tails in order to monitor
and mitigate resilience. This quantification currently relies on
metrics such as Conditional Value at Risk and other mean values

that only work for sufficiently light tails. We show five cases of
distribution utilities in which the heavy tails and huge variations
of event costs cause problems with these metrics. To address this,
we propose resilience metrics that can practically describe and
take account of the heavy tails. That is, we address a problem of
extreme variability in quantifying the risk of extreme events that
occurs in some observed distribution systems’ data, and suggest
resilience metrics that solve this problem.
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